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Tue volume called Higher Mathematics, the first edition 
of which was published in 1896, contained eleven chapters by 
eleven authors, each chapter being independent of the others, 
but all supposing the reader to have at least a mathematical 
training equivalent to that given in classical and engineering 
colleges. The publication of that volume is now discontinued 
and the chapters are issued in separate form. In these reissues 
it will generally be found that the monographs are enlarged 
by additional articles or appendices which either amplify the 
former presentation or record recent advances. This plan of 
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astronomy, mechanics, and mathematical physics may be included. 
It ‘is the hope of the editors that this form of publication may 
tend to promote mathematical study and research over a wider 
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AUTHOR’S PREFACE. 


Turis brief sketch of the Harmonic Functions and their use 
in Mathematical Physics was written as a chapter of Merriman 
and Woodward’s Higher Mathematics. It was intended to give 
enough in the way of introduction and illustration to serve as 
a useful part of the equipment of the general mathematical 
student, and at the same time to point out to one specially inter- 
ested in the subject the way to carry on his study and reading 
toward a broad and detailed knowledge of its more difficult 
portions. . 

Fourier’s Series, Zonal Harmonics, and Bessel’s Functions of 
the order zero are treated at considerable length, with the inten- 
tion of enabling the reader to use them in actual work in physical 
problems, and to this end several valuable numerical tables 
are included in the text. 


CAMBRIDGE, Mass., December, 1905 
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HARMONIC FUNCTIONS. 


ArT. 1. HISTORY AND DESCRIPTION. 


What is known as the Harmonic Analysis owed its origin 
and development to the study of concrete problems in various 
branches of Mathematical Physics, which however all involved 


the treatment of partial differential equations of the same 


general form. 
The use of Trigonometric Series was first suggested by 


Daniel Bernouilli in 1753 in his researches on the musical. 


vibrations of stretched elastic strings, although Bessel’s Func- 
tions had been already (1732) employed by him and by Euler 
in dealing with the vibrations of a heavy string suspended from 
one end; and Zonal and Spherical Harmonics were introduced. 


by Legendre and Laplace in 1782 in dealing with the attrac-. 


tion of solids of revolution. 

The analysis was greatly advanced by Fourier in 1812-1824 
in his remarkable work on the Conduction of Heat, and im- 
portant additions have been made by Lamé (1839) and bya 


host of modern investigators. 
The differential equations treated in the eepnlen: which 


have just been enumerated are 
Cio, 
at“ Gat (1) 
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for the transverse vibrations of a musical string ; 


7 EON\K a ae 
ot eee Ox. 


Oy of Oy =) (2) 


for small transverse vibrations of a uniform heavy string sus- 
pended from one end; 


Ves eae Ooo 


O, 
area ee (3) 


which is Laplace’s equation; and 
Ou 1 Ce Oe 
=a 5 


Ox” 4 ov" a3 os 


) aU (4) 


for the conduction of heat in a homogeneous solid. 


Of these Laplace’s equation (3), and (4) of which (3) isa 
special case, are by far the most important, and we shall con- 
cern ourselves mainly with them in this chapter. As to their 
interest to engineers and physicists we quote from an article 
in The Electrician of Jan. 26, 1894, by Professor John Perry: 


“There is a well-known partial differential equation, which is 
the same/ in problems on heat-conduction, motion of fluids, the 
establishment of electrostatic or electromagnetic potential, certain 
motions of viscous fluid, certain kinds of strain and stress, currents 
in a conductor, vibrations of elastic solids, vibrations of flexible 
strings or elastic membranes, and innumerable other phenomena. 
The equation has always to be solved subject to certain boundary 
or limiting conditions, sometimes as to space and time, sometimes 
as to space alone, and we know that if we obtain any solution of a 
particular problem, then that is the true and only solution. Further- 
more, if a solution, say, of a heat-conduction problem is obtained 
by any person, that answer is at once applicable to analogous prob- 
lems in all the other departments of physics. Thus, if Lord Kel- 
vin draws for us the lines of flow in a simple vortex, he has drawn 
for us the lines of magnetic force about a circular current; if 
Lord Rayleigh calculates for us the resistance of the mouth of an 
organ-pipe, he has also determined the end effect of a bar of iron 
which is magnetized; when Mr. Oliver Heaviside shows his match- 
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less skill and familiarity with Bessel’s functions in solving electro- 
magnetic problems, he is solving problems in heat-conductivity or 
the strains in prismatic shafts. How difficult it is to express exactly 
the distribution of strain in a twisted square shaft, for example, and 
yet how easy it is to understand thoroughly when one knows the 
perfect-fluid analogy! How easy, again, it is to imagine the electric 
current density everywhere in a conductor when transmitting alter- 
nating currents when we know Mr. Heaviside’s viscous-fluid analogy, 
or even the heat-conduction analogy! 

“Much has been written about the correlation of. the physical 
sciences; but when we observe how a young man who has worked 
almost altogether at heat problems suddenly shows himself ac- 
quainted with the most difficult investigations in other departments 
of physics, we may say that the true correlation of the physical 
‘sciences lies in the equation of SOULE, 


Cut: 2 2 u oo ut 
As ae 

In the Theory of the Potential Function in the Attraction 
of Gravitation, and in Electrostatics and Electrodynamics,* 
V in Laplace’s equation (3) is the value of the Potential Func- 
tion, at any external point (4, y, 2), due to any distribution of 
matter or of electricity; in the theory of the Conduction of 
Heat in a homogeneous solid + V is the temperature at any 


point in the solid after the stationary temperatures have been . 


established, and in the theory of the irrotational flow of an 
incompressible fluid t+ V is the Velocity Potential Function 
and (3) is known as the equation of continuity. 


If we use spherical codrdinates, (3) takes the form 


a(sin sees i) 
ole ee I ely I Ove ‘ie 
aps Te cin vale Spar 7] ao as (5) 


% See Peirce’s Newtonian Potential Function. Boston. 

+ See Fourier’s Analytic Theory of Heat. London and New York, 1878 ; 
or Riemann’s Partielle Differentialgleichungen. Brunswick. 

+ See Lamb’s Hydrodynamics. London and New York, 1895. 


ee or pape = 
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and if we use cylindrical codrdinates, the form 


Ce 
Cet 


av 1aV, 137 


+ 


In the theory of the Conduction of Heat in a homogene- 
ous solid,* 2 in equation (4) is the temperature of any point 
(x, y, 2) of the solid at any time Z, and a@ is a constant deter- 
mined by experiment and depending on the conductivity and. 


the thermal capacity of the solid. 


ART. 2. HOMOGENEOUS LINEAR DIFFERENTIAL EQUATIONS. 


The general solution of a differential equation is the equa- 
tion expressing the most general relation between the primi- 
tive variables which is consistent with the given differential 
equation and which does not involve differentials or derivatives. 
A general solution will always contain arbitrary (1.e., undeter- 
mined) constants or arbitrary functions. 

A particular solution of a differential equation is a relation 
between the primitive variables which is consistent with the 
given differential equation, but which is less general than the: 
general solution, although included in it. 

Theoretically, every particular solution can be obtained 
from the general solution by substituting in the general solu- 
tion particular values for the arbitrary constants or particular: 
functions for the arbitrary functions; but in practice it is often 
easy to obtain particular solutions directly from the differential 
equation when it would be difficult or impossible to obtain the 
general solution. 

(2) If a problem requiring for its solution the solving of a 
differential equation is determinate, there must always be given 
in addition to the differential equation enough outside condi- 
tions for the determination of all the arbitrary constants or 
arbitrary functions that enter into the general solution of the 
equation ; and in dealing with such a problem, if the differen- 
tial equation can be readily solved the natural method of pro- 
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cedure is to obtain its general solution, and then to determine 
the constants or functions by the aid of the given conditions. 


It often happens, however, that the general solution of the 
differential equation in question cannot be obtained, and then, 
since the problem, if determinate, will be solved, if by any 
means a solution of the equation can be found which will also 
satisfy the given outside conditions, it is worth while to try to 
get particular solutions and so to combine them as to form a 
result which shall satisfy the given conditions without ceasing 
to satisfy the differential equation. 


(6) A differential equation is linear when it would be of the 
first degree if the dependent variable and all its derivatives 
were regarded as algebraic unknown quantities. If it is linear 
and contains no term which does not involve the dependent 
variable or one of its derivatives, it is said to be linear and 
homogeneous. 

All the differential equations given in Art. 1 are linear and 
homogeneous. 

(c) If a value of the dependent variable has been found 
which satisfies a given homogeneous, linear, differential equa- 
tion, the product formed by multiplying this value by any 
constant will also be a value of the dependent variable which 
will satisfy the equation. 

For if all the terms of the given equation are transposed 
to the first member, the substitution of the first-named value 
must reduce that member to zero; substituting the second 
value is equivalent to multiplying each term of the result of 
the first substitution by the same constant factor, which there- 
fore may be taken out asa factor of the whole first member. 
The remaining factor being zero, the product is zero and the 
equation is satisfied. 

(d) If several values of the dependent variable have been 
found each of which satisfies the given differential equation, 
their sum will satisfy the equation; for if the sum of the values 
in question is substituted in the equation, each term of the sum 
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will give rise toa set of terms which must be equal to ZELO, and 
therefore the sum of these sets must be zero. 


(e) It is generally possible to get by some simple device 
particular solutions of such differential equations as those we 
have collected in Art. 1. The object of this chapter is to find 
methods of so combining these particular solutions as to satisfy 
any given conditions which are consistent with the nature of 
the problem in question. 

This often requires us to be able to develop any given func- 
tion of the variables which enter into the expression of these 
conditions in terms of normal forms suited to the problem with 
which we happen to be dealing, and suggested by the form of 
particular solution that we are able to obtain for the differential 
equation. 

These normal forms are frequently sines and cosines, but 
they are often much more complicated functions known as 
Legendre’s Coefficients, or Zonal Harmonics; Laplace’s Coef- 
ficients, or Spherical Harmonics; Bessel’s Functions, or Cylin- 
drical Harmonics; Lamé’s Functions, or Ellipsoidal Har- 
MOMS etc. . 


ART. 3. PROBLEM IN TRIGONOMETRIC SERIES. 


As an illustration let us consider the following problem: 
A large iron plate z centimeters thick is heated throughout 
to a uniform temperature of 100 degrees centigrade; its faces 
are then suddenly cooled to the temperature zero and are kept 
at that temperature for 5 seconds. What will be the tempera- 
ture of a point in the middle of the plate at the end of that 
time? Givense- = 0:185n'C.G.S.units: 

Take the origin of codrdinates in one face of the plate 
and the axis of XY perpendicular to that face, and let w be the 
temperature of any point in the plate ¢ seconds after the cool. 
ing begins. 

We shall suppose the flow of heat to be directly across the 
plate so that at any given time all points in any plane parallel 
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to the faces of the plate will have the same temperature. 


Ou 


Then z depends upon a single space-coordinate x ; ara o and 
y 


oe oO, and (4), Art. I, reduces to 


Of 
Ou .,0 & 
Sr ees (1) 
Obviously, == 100, whens -=="0} j (2) 
Biase 20 Wiet.7°— 0, (3) 
and t= SO when t= Wisk: (4) 


and we need to find a solution of (1) which satisfies the con- 
ditions (2), (3), and (4). 


We shall begin by getting a particular solution of (1), and 
we shall use a device which always succeeds when the equa- 
tion is linear and homogeneous and_has constant coefficients. 


Assume* u« = e&**+7, where 6 and y are constants; substi- 
tute in (1) and divide through by e**Y and we get y = a’; 
and if this condition is satisfied, « = e®**Y is a solution of (1). 


“= +8" is then a solution of (1) no matter what the 


value of f. 


We can modify the form of this solution with advantage. 
Let 6 = wz,t then uw = e~ %#ex* is a solution of (1), as is also 
Pe me gia MF, 


By <2), Art. 2, 
- Bl Cae aes) 


tae ; Gn cha OSM a: (5) 


is a solution, as is also 


ws SCO — p= an?) 


22 


=e =e PSN Ux 5 (6) 


and y is entirely arbitrary. 


* This assumption must be regarded as purely tentative. It must be tested 
by substituting in the equation, and is justified if it leads to a solution. 


+ The letter a will be used to represent #/ — I. 
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By giving different values to wwe get different particular 
solutions of (1); let us try to so combine them as to satisfy our 
conditions while continuing to satisfy equation (1). 


“= e~%#* sin ux is zero when + = O for all values of yw; it 
is zero when «+ = z if wis a whole number. If, then, we write 
u equal to a sum of terms. of the form de~””*’ sin mx, where 
m is an integer, we shall have a solution of (1) (see (d), Art. 2) 
which satisfies (3) and (4). 


Let this solution be 
u = A,e~™ sin « + A,e~* sin 24 + A,e~* sin 34-+..., (7) 
A,, A,, A,,... being undetermined constants. 
When ¢ = 0, (7) reduces to 
u=A,sinx +A, sin 2x-+ A, sin 34-+.... (8) 


If now it is possible to develop unity into a series of the 
form (8) we have only to substitute the coefficients of that 
series each multiplied by 100 for 4,, A,, A,...in (7) to have 
a solution satisfying (1) and all the equations of condition (2), 


(3),, and (4). 
We shall prove later (see Art. 6) that 


s ah ; Ie; ee | 
—— nz = Sibel eee — SIN. 54 epee 
rie Ge eae ares He eae a 


for all values of x between O and z. Hence our solution is 


oe) I : T mite 
i 400] ee sin # + ae. sin 34 + Ped ‘sin 54- ee { (9) 
To get the answer of the numerical problem we have only 
a 
to compute the value of «when + = = and ¢=5 seconds. As 


there is no object in going beyond tenths of a degree, four- 
place tables will more than suffice, and no term of (9) beyond 


the first will affect the result. Since sin —= 1, we have to 


ae 


t 


compute the numerical value of 
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400 


Caen awiere! dj OsS5. and a= B 
log a? = 9.2672 — 10 log 400 = 2.6021 
log 4 = 0;6990 colog x = 9.5059 — 10 
log a*t = 9.9662 — 10 colog e** = 9.5982 — 10 
log loge = 9.6378 — Io foe oe 
log log e*** = 9.6040 — 10 
log e? = 0.4018 u = 50°.8. 


If the breadth of the plate had been ¢ centimeters instead 
of wz centimeters it is easy to see that we should have needed 
the development of unity in a series of the form 


pete? ame a eee 
A, sin — + A, sin -—~ + A, sin ~~ +.... 


Prob. 1. An iron slab 50 centimeters thick is heated to the tem- 
perature roo degrees Centigrade throughout. The faces are then sud- 
denly cooled to zero degrees, and are kept at that temperature for 
1o minutes. Find the temperature of a point in the middle of the 
slab, and of a point ro centimeters from a face at the end of that 
time. Assume that 


TX 


/ 
a (sin 
7 


Tie FED ; UX , 
+ - sin LE: sin ee HOM AE— ONtOnn Veo 
C 3 C Cc 


5 
Ans. 84°.0; 49°.4. 


ART. 4. PROBLEM IN ZONAL HARMONICS. 


As asecond example let us consider the following problem : 
Two equal thin hemispherical shells of radius unity placed 
together to form a spherical surface are separated by a thin 
layer of air. A charge of statical electricity is placed upon 
one hemisphere and the other hemisphere is connected with 
the ground, the first hemisphere is then found to be at poten- 
tial 1, the other hemisphere being of course at potential zero. 
At what potential is any point in the “field of force” due to 
the charge? 

We shall use spherical coordinates and shall let V be the 
potential required. Then V must satisfy equation (5), Art. 1. 
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But since from the symmetry of the problem V is obviously 
independent of ¢, if we take the diameter perpendicular to the 


2 


plane separating the two Conductors as our polar axis, OP is 
zero, and our equation reduces to 
Vv 
oe 7 a a) =.0. (1) 
or" sin @ og 
V is given on the surface of our sphere, hence 
VEG) ywhenw 7 —il, (2) 


where f() =1ifo <0<4, and (0) =0if 2 <0 <7. 


Equation (2) and the implied conditions that V is zero at 
’ an infinite distance and is nowhere infinite are our conditions. 


To find particular solutions of (1) we shall use a method 
which is generally effective. Assume* that V= RO where R 
is a function of 7 but not of 6, and @is a function of @ but 
not of 7 Substitute in (1) and reduce, and we get 


ao 
alsin as) 


IrdtrR) _ aa! 


a ee (3) 
Rar © sin 6 ag 


Since the first member of (3) does not contain @ and the 
second does not contain 7 and the two members are identically 
equal, each must be equal to a constant. Let us call this 
constant, which is wholly undetermined, s(-+ 1); then 


a® 
asin 6— 
BEBE aT w) = m(m-+t- 1); 
R dr © sin 6 ae ; 
a(rR 
whence Sas —mm-+1)\R=0, (4) 
ao 
I alsin i) 
and sine me nee ae toh — car (5) 


* See the first foot-note on page 175. 
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Equation (4) can be expanded into 
Se i aR 
Taga + ar, 7 mim + 1)R = 0, 
and can be solved by elementary methods. Its complete 
solution is 
Di Age By. (6) 

Equation (5) can be simplified by changing the independ- 

ent variable to x where x = cos 6. It becomes 


a aO- 
Fla — a | + mln + 0 =0, (7) 


an equation which has been much studied and which is known 
as Legendre’s Equation. 


We shall restrict #, which is wholly undetermined, to posi- 
tive whole values, and we can then get particular solutions of 
(7) by the following device: 

Assume* that © can be expressed as a sum or a series of 
terms involving whole powers of x multiplied by constant 
coefficients. 

Let O = a,x" and substitute in (7). We get 


2 [n(n — 1)a,x"" — n(n + 1)a,4" + mm + 1)a,x"] = 0, (8) 
where the symbol = indicates that we are to form all the 
terms we can by taking successive whole numbers for z. 


Since (8) must be true no matter what the value of x, the 
coefficient of any given power of #, as for instance +*, must 
vanish. Hence 


(E+E + Dan, — HEF tar + mln + 1a, = 0, 


m(m+t-1) — &(k + 1) 
ape 
EF net) % 9) 
If now any set of coefficients satisfying the relation (9) be 
taken, O = Sa,x* will be a solution of (7). 


and Bret, = 


ieraraeeien @., =O, a2, = 0, etc. 


* See the first foot-note on page 175. 
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Since it will answer our purpose if we pick out the simplest 
set of coefficients that will obey the condition (9), we can take 
a set including a,,. 

Let us rewrite (9) in the form 


(A+ 2)(R + I)Qe+e 


ee ong (ope k)(m + & — 1) 2) 
We get from (10), beginning with = m — 2, 
oe om ES 
2.(2m — 1) 
mm — 1)(i — 2\(m — 3) 
a — ’ 
OOS 25 4 (20 = 1K 2m — 3) 0 


_ _ mm —i)(m — 2)(m — 3)(m — 4\(m — 5) 
1 Sel age 2.4.0.(2m — 1)(2m — 3)\2m — 5) Foe CEC 


If m is even we see that the set will end with a,; if m 
is odd, with a,. 
mum — 1 
(6) ste E a MAM A) nas 
2 .(2%— 1) 
m(m — 1)(m — 2)(m — 3) re ; ] 


2.4.(2m — 1)(2m — 3) 


~ 


where a,, is entirely arbitrary, is, then, a solution of (7). “Tt as 
found convenient to take a,, equal to 


(272 —1)(2m — 3)...1 
m' 


] 


and it will be shown later that with this value of a,, @ = 1 
when 4 = 1, 

© is a function of x and contains no higher powers of x 
than +”. It is usual to write it as P.(2). 


We proceed to write out a few values of P(x) from the 


formula 
P BS Chek) C1 asso) age [ UR 1) ee 
ml) m! 5 2.(2m— ay 
mm — i\(m — 2)(m—3)  , 7 
> 2.4.(2m — 1)(2m — 3) i es A) 


= 


ray lee 


art 


- | iy y | { \ \ 
es Yi VUE Se 
M4 r\ UL Sa 
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We have: 
ep On Leos 6). 4; 7 
Hen) = 2 or (cos: 0) =, cos @, 


Pat) = $32 —1)> or Picos.?) = 4(3 cos*#'— 1), 
P(#) = 4(5%* — 3x) or P,(cos ¢) = £5 cos*é — 3 cos 6), a) 
P(x) = 4(352" — 30x” + 3) or 


P(cos #) = (35 cos*# — 30 cos’G + 3), 
Pa) = $(632* — 7ox#* + 15%) or 
P(cos #) = $(63 cos’ 6 — 70 cos*6 + 15 cos 6). ] 


We have obtained © = P,,(x) asa particular solution of (7), 
and 0 = P,,{cos @) as a particular soljution of (5). /,(#) or 
P,,{cos 6) is a new function, known as a Legendre’s Coefficient, 
or as a Surface Zonal Harmonic, and occurs as a normal form 


in many important problems. 


V =r"P.,(cos 8) is a particular solution of (1), and 7”P,,(cos @) 
-is sometimes called a Solid Zonal Harmonic. 


V = A,P,(cos 6) + A,rP,(cos @) + A,7°P,(cos 6) 

+ A,7'Pcos 6) +... (3) 
satisfies (1), is not infinite at any point within the sphere, and 
reduces to 
V = A,P(cos 6) + A,P,(cos 6) + A,P,(cos 6) 

P(cos 8) +... (14) 
when’ 7 == I. 


a 6) P,(cos 6) 


eg Esco) oa Bate (15) 


fe 


yat = ses ais 


satisfies (1), is not infinite at any point without the sphere, is 
equal to zero when 7 = 9, and reduces to (14) when 7 = I. 


If then we can develop /(9) [see eq. (2)] into a series of the 
form (14), we have only to put the coefficients of this series in 
place of the 4,, A,,A,, ..: in (13) to get the value of V for a 
point within the sphere, and in (15) to get the value of Vata 
point without the sphere. 
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We shall see later (Art. 16, Prob. 22) that if /(@) = 1 for 
4 ie 
Or Gai, aude) = Oth ara aaa 


HO ae P(cos6)—2- = P{(cos 8) 


4) Ls, 3p (cos f) See 


[ono ae 
Hence our required solution is 


V=—>+ trP,(cos 6) — a *P,(cos @) 


Lie Tn Ses 
rete a r°P(cos@)—... (17) 


at an internal point; and 
V= ce = P(cos0)— £-- = P(cos 6) 


See eens Pcos #)—... (18) 


b2 2247 
at an external point. 


Lie = ; and @ =0, (17) reduces to 


Nae ny oa Weer hoe pO OT EER 2 
2a Bee Se Bea ee Tle eA ee ee 


=, since P(t) =e 


aN 


To two decimal places V = 0.68, and the point 7 = 
is at potential 0.68. 


Ifx—s5 and 0= a (18) and Table I, at the end of this 
gate 


‘ ASE Ng : 
and the nomnt. 7795) @ = a is at potential 0.12. 
If the radius of the conductor is @ instead of unity, we 


have only to replace 7 by - in (17) and (18). 
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Prob. 2. One half the surface of a solid sphere 12 inches in di- 
ameter is kept at the temperature zero and the other half at 100 de- 
grees centigrade until there is no longer any change of temperature 
at any point within the sphere. Required the temperature of the 
center; of any point in the diametral plane separating the hot and 
cold hemispheres ; of points 2 inches from the center and in the 
axis of symmetry ; and of points 3 inches from the center in a di- 
ameter inclined at an angle of 45° to the axis of symmetry. 

ANSHLSS #3450" 3973.06 26-.105077 41 3422 LO; 


ART. 5. PROBLEM IN BESSEL’S FUNCTIONS. 


As a last example we shall take the following problem: 
The base and convex surface of a cylinder 2 feet in diameter 
and 2 feet high are kept at the temperature zero, and the upper 
base at 100 degrees centigrade. Find the temperature of a 
point in the axis one foot from the base, and of a point 6 inches 
from the axis and one foot from the base, after the permanent 
state of temperatures has been set up. 

If we use cylindrical codrdinates and take the origin in the 
base we shall have to solve equation (6), Art. 1; or, represent- 
ing the temperature by w~ and observing that from the sym- 
metry of the problem ~z is independent of ¢, 


Ou lou , Ou 


ar rar ae We 
subject to the conditions 

w=0O when 20; (2) 

210 * r=I, (3) 

“z= 100 “ z= 2. (4) 


Assume « = RZ where RF is a function of 7 only and Z of 
z only; substitute in (1) and reduce. 
ind eerie ee ae 


Wess Rae oR de Dd o 


The first member of (5) does not contain zg; therefore the 
second member cannot. The second member of (5) does not 
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contain 7; therefore the first member cannot. Hence each 
member of (5) is a constant, and we can write (5) 


Poe aR 1aZ 
a CAN ene 6) 
Ray ar Ze inp (6) 


when yw’ is entirely undetermined. 


az. 


H aay aoe 
ence ee wee AO, | (7) 
PRe aR Von wie 
and RET LwR=0, (8) 


Equation (7) is easily solved, and its general solution is 


Vg Um well 5 AN or the equivalent form 
Z = C cosh (yz) + D sinh (pz). (9) 


We can reduce (8) slightly by letting wr = x, and it becomes 


G Rae ak 
“4 


=— —+R=0. IO 
ax oe Wes ac 2) 
Assume, as in Art. 4, that RX can be expressed in terms of 
whole powers of x Let R = 2a,x” and substitute in (10). 
We get 
=[n(z — 1)a,2"~* + na,x"-* + a,4"] =0, 
an equation which must be true, no matter what the value of x. 


The coefficient of any given power of +, as z*-?, must, then, 
vanish, and 

R(k — 1)a, + ka, + Qa, = 9, 
or Ra, + a, =9, 


whence we obtain GQ ,= — Fa; (11) 


as the only relation that need be satisfied by the coefficients in 
order that R = Sa,2* shall be a solution of (10). 


If RO, Op ean a, Omer 


We can, then, begin with £ = 0 as the lowest subscript. . 
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Gps 


From (11) 


iS) 

> 

| 
| 


a a 
Then a, =>— a Qi 7 &4=— Poa etc, 


Daad 2°34 
x 4 x 
Hence Raat 5 et.) 
where a, may be taken at pleasure, is a solution of (10), pro- 
vided the series is convergent. 


Take a, = 1, and then R = /,(x) where 


x? 
SPE ee) 


2 4 6 
OBS te erica ae 
is a solution of (10). 

J (#) is easily shown to be’convergent for all values real or 
imaginary of x, it is a new and important form, and is called a 
Bessel’s Function of the zero order, or a Cylindrical Har- 
monic. 

Equation (10) was obtained from (8) by the substitution of 
pa 7; therefore 


Be eee a lene ars Gur)’ 
R=J/ (ur) =1 2? eae 


is a solution of (8), no matter what the value of mw; and 
a= Jur) sinh (uz) and «= /,(ur) cosh (mz) are solutions of 
(1) «= /,(ur) sinh (uz) satisfies condition (2) whatever the 
value of uw. In order that it should satisfy condition (3) mu 
must be so taken that 
SAH) = 0; (13) 
that is, 4 must be a root of the transcendental equation (13). 

It was shown by Fourier that /,(“) =o has an infinite num- 
ber of real positive roots, any one of which can be obtained to 
any required degree of approximation without serious diffi- 
Ciltyeselet i, (4,, ff, - «be these roots ; then 

u = A,/J(m,7) sinh (4,2) + A, /7,(m,7) sinh (y,2) 

+ AS (yr) sinh (42) +... (14) 


is a solution of (1) which satisfies (2) and (3). 
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If now we can develop unity into a series of the form 


es B,J (47) ae BR MILT) = BI (Hs) 42 ate Oe) 


= B, sinh (4,2) B, sinh (4,2) 
w= 100] ee) Dur) + ee gee Sota) +e | 8) 


satisfies (1) and the conditions (2), (3), and (4). 


_ UA) 


We shall see later (Art. 21) that if 7,4) = oe 


I fps) J As) ST (M7) 
LiFe) J) TA | 669 
for values of 7 < I. 

Hence 


J (7) sinh (4,2) ae r) sinh (442) 
HS V4) sinh (2/,) T hy ) sinh (2",) a ma (17) 


is our required solution. 


—— 


u = 200 


Ae the point’'7 = G77 = 1.(17) reduces to 


sinh y, sinh wu, 


ZO encase peed Me) sinh (2) 1 


I I 
a TOG Me ea a ee ee 
st et cosh My, 2 By / (Ma) cosh My ae | 
since /,(0) = 1 and sinh (2x) = 2 sinh x cosh x. 


If we use a table of Hyperbolic functions* and Tables II 
and III, at the end of this chapter, the computation of the 
value of wis easy. We have 


M, = 2.405 My = 5-520 
J (Hs) = 9.5190 J (4y) = — 0.3402 
colog yw,=9.6189 —10 colog w= 9.2581 — 10 
“J (m,) = 0.2848 “ Siu.) = 0.46837 
“cosh 4,=9.2530—10 “coshu.= 7.9037 — ro 
9.1567 — IO 7.030I% — 19 


* See Chapter IV, pp. 162, 163, for a four-place table on hyperbolic func- 
tions. 
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(47,4) cosh yy)" = 0.1434 , 
(H42S,(H2) Cosh p,)"* = — 0.0058 


0:13.76: W= 13°58 
At the point 7 = 4, ¢ = 1, (17), reduces to 


J (Fs) J (SMa) | 
2 =. LOO ——____—. ————————— eee fe 
TG cosh 4, © (,/,(H,) cosh M, 
J (/,) = 0.6698 
log /,(44,) = 9.8259 — 10 
colog MJ ,(4) cosh = 9.1567 = AO 


8.9826 — 10; 
J ($s) = — 0.1678 
log /,($u,) = 9.2248” — 10 
colog u,/,(u,) cosh uw, = 7.63012 — 10 
6.8549 — 10; 
ails 
wea = 0.0961 
PACT __ 0.0007 | 


H,/ (My) Cosh , 0.0968’ USOT, 


If the radius of the cylinder is a and the altitude 4, we have 
only to replace mu by pa in (13); 2u,, 2u,,... in the denomi- 
Parorenouci5) and (17) by 2.0, 7.0, .. 2.5 and u,,-f;, (,,<.. in 
the denominators of (16) and (17) by p,@, 4,2, JQ, +++ 


Prob. 3. One base and the convex surface of a cylinder 20 cen- 
timeters in diameter and 30 centimeters high are kept at zero tem- 
perature and the other base at roo degrees Centigrade. Find the 
temperature of a point in the axis and 20 centimeters from the cold 
base, and of a point 5 centimeters from the axis and 20 centimeters 
from the cold base after the temperatures have ceased to change. 

Ansi713 «0359 36s 
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ART. 6. THE SINE SERIES. 


As we have seen in Art. 3, it is sometimes important to be 
able to express a given function of a variable, 7, in terms of sines 
of multiples of + The problem in its general form was first 
solved by Fourier in his “ Théorie Analytique de la Chaleur” 
(1822), and itssolution plays an important pera in most branches. 
of Mathematical Physics. 


Let us endeavor to so develop a given function of x, ((#),. 
in terms of sin x, sin 2%, sin 3%, etc., that the function and the 
series shall be equal for all values of 4 between o and z. 


We can of course determine the coefficients d@,, @,, @,,...@,% 
so that the equation 


(4) =a, sin x + a, sin 2x +a, sin 3x -+...-+ 4, sin nx (1): 
shall hold good for any z arbitrarily chosen values of 4 between. 
o and z; for we have only to substitute those values in turn 
in (1) to get z equations of the first degree, in which the z co- 
efficients are the only unknown quantities. 


For instance, we can take the z equidistant values 4%, 2447, 
We 


n—+I 


BA... HALEWNCTSI4.. — 
(1): We-eet 


(44) = a,sin Jx¢-+ a,sin24*%-+ a,sin 34¢+. i 
+ a, sin 24x, | 

| 

r 


, and substitute them for + im 


HiZAs) = a, sin 24%-+ a,sin4g4*-+ a,sino4r+. 
+ a, sin 2nJ4x, 

J(344) =a, sin 34%-+ a,sin64r+ a,sing4r+... oo) 
+ a, sin bn An, ; 


Poin = a; sin ‘nd +- @, sin onde + a, sin "anda +. 4 
+a, sin 2’42, J 
z equations of the first degree, to determine the x coctinente 
Dil Qi, Aaya ys 
Not only can equations (2) be solved in theory, but they 
can be actually solved in any given case by a very simple and 


ee 


—T 
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ingenious method due to Lagrange,* and any coefficient a,, can 
be expressed in the form 


ae bs 7a es J(K4x) sin (Km4z). (3) 

If now z is indefinitely increased the values of x for which 

(1) holds good will come nearer and nearer to forming a con- 
tinuous set; and the limiting value approached by a,, will 
probably be the corresponding coefficient in the series required | 
to represent f(z) for all values of x between zero and z, 


Remembering that (z+ 1)4% = 7, the limiting value in 
question is easily seen to be 


1 Io : We Ne) sin mxdx. (4) 
) 


This value can be obtained from equations (2) by the fol: 
lowing device without first solving the equations: 


Let us multiply each equation in (2) by the product of 42 
and the coefficient of a,, in the equation in question, add the 
equations, and find the limiting form of the resulting equation 
as m increases indefinitely. 


The coefficient of any a, a in the resulting equation is 


sin k4dx sin m4x.44-+-sin 2k4x sin 2m4x.4r+... 
+ sin xk4x sin umAx. Ax. 


Its limiting value, since (7-++ 1)4x = q, is 


J sin Kx sin mx.ax; 


but 


T w 
ie sin Kx sin mx .ar = 3 [ [cos (m — K)x — cos(m-+ K)r]dx=0 
e 5 
‘ 0 


if m and « are not equal. 


* See Riemann’s Partielle Differcntialgleichungen, or Byerly’s Fourier’s 
Series and Spherical Harmonics. 
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The coefficient of a, is 
Ax(sin? m4x-+ sin’ 2m4x 4 sin® 3m4x-... + sin’ umd). 


Its limiting value is 


7 
di a 
ii sin’ Mx Ax =~. 


0 


The first member is 


(4x) sin m4x. 4x4 f(24x) sin 2m4z.dx+.. 
+ f(u4x) sin mndx. Ax, 


and its limiting value is 


ris Je) sin mx .dx. 
0 


Hence the limiting form approached by the final equation 


as z is increased is 


7 


JS fe) Sin 712. 0 — = 
A 2 


Whence pe oy) J(#) sin mx. dx (5) 
0 


a 
as before. 
This method is practically the same as multiplying the 
equation 
f(#) =a, sin «+a, sin 2r-+a,sin 34+... (6) 
by sin mx.dx and integrating both members from zero to z. 
It is important to realize that the considerations given in 


this article are in no sense a demonstration, but merely estab- 
lish a probability. 


An elaborate investigation * into the validity of the develop- 
ment, for which we have not space, entirely confirms the results 
formulated above, provided that between 4 =o and x = z the 


* See Art. 10 for a discussion of this question, 
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function is finite and single-valued, and has not an infinite num- 
ber of discontinuities or of maxima or minima. 


It is to be noted that the curve represented by y= f(x) 
need not follow the same mathematical law throughout its 
length, but may be made up of portions of entirely different 
curves. For example, a broken line or a locus consisting of 
finite parts of several different and disconnected straight lines 
can be represented perfectly well by y = a sine series. 


As an example of the application of formula (5) let us take 
the development of unity. 


Here ee 


Tv 
2 : 
Ga = fin MiL.aAX; 
7 
0 


; COS MX 
Sp 774. at = — : 


MW 


Pp I I 
Jain We Oe = oat — cos mz) = alt — (— 1)”] 


0 


= Oif m is even 
Oh. ae a 

= = i FA is ell. 
m 


Site a) tsi 67s, -SiN Ste Sin 74 
I Bs 3 Me 5 28 vf 


Hence 1 = al . 1) (7) 


It is to be noticed that (7) gives at once a sine development 
for any constant c. It Is, 


c(sin 4 Sits esis 
= slg 3 ne 


Stayt (8) 


Prob. 4. Show that for values of x between zero and 7 


sin x Sin 2% , Sin3x sin 4x 
(A) aa ol _ -- eee 4 aes 
I 2 3 4 


GAG) = eee eee ee | 
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: 70 
if f(2) = 2 foro<# <=, and f(«) = 2 —-s* for—<x*< Z. 
(c) F(#) = 


2[sine 4 esinee singe smpe pee TE | 
Hele i 2 3 5 6 


if f(a) =1 foro<a < %, and f(x) = 0 for= <x <7z. 
(z) sinh x = | 


Pye 0, ale a Dae eae Avra: 
—— | — sin x — — sin 2x +— sin 3x — — singax-+... |. 
4 l; 5 pais 3 ay een | 


2 


{@ av cs ne 4) 1 
a Se ee — — sin 24x — — -,)sin 3x— —sin 
oN : sin x 5. 2x + i 3 4 inax+., 


ART. 7. THE COSINE SERIES. 


Let us now try to develop a given function of + in a series 
of cosines, using the method suggested by the-last article. 
Assume 


(#4) = 6, + 6, cos x +6, cos 24+ 6, cos3x+... (1) 


To determine any coefficient 4,, multiply (1) by cos ma.dx 
and integrate each term from 0 to z. 


Tv 
yb COS Hi. dt= 50, 
0 


fe cos kx cosmx.dx=o, if mand & are not equal. 
. : 


T 
1 F . 
ho 60S vie .ot om if #2 is not zero. 
0 


T 
2 e 
Hence. = =f Ke) cos mx .ax, (2 
0 


~— 


if m is not zero, 
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To get 4, multiply (1) by dx and integrate from zero to z. 


jf be = 0,7, 


fe COSIAT AOL — O- 
0 


Hence b= zh Loe (3) 


which is just half the value that would be given by formula (2) 
if zero were substituted for m. 


To save a separate formula (1) is usually written 


F(#) = 46, + 6, cos x + 6, cos 2x + bcos 34 +..., (4) 


and then the formula (2) will give 0, as well as the other coef- 
ficients. : 


Prob. 5. Show that for values of x between o and 7 


_ % 4(cosx | Cos3e | cos 5x ); 
(2) a ase of oe als 3° os 57 aimee 
TT COSt2 Cine COS) Oa COST TOR’ 
Qe) = 5 ( eae ras am At 


4 


1 
bey) -— x foro; << x < > and f(x) = —xfor= <a 47; 


COS Xx COS 3x COS 5x 
——— +4 —4-...], 


(2) a) = £4 2(E — 


if f(x) = 1 foro<a <%, and f(x) = 0 for = <a <x, 
(Z) sinha = 21 E (cosh ma —1)— ~(cosh az + 1) cos x 


+ = (cosh m — 1) cos 2x — —(cosh mz+1)cos3x+.. de 


7° po COSes COS 2x COS 3x COS 4X 
(e) f= =~ 4( 2 SE 2 + 3 => 2 +...) 


I 2 3 4 
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ART. 8. FOURIER’S SERIES. 


Since a sine series is an odd function of x the development 
of an odd function of x in such a series must hold good from 
x= —2tox=7, except perhaps for the value x = o, where 
it is easily seen that the series is necessarily zero, no matter 
what the value of the function. In like manner we see that 
if f(x) is an even function of x its development in a cosine 
series must be valid fom + = — wt tor =7. 


Any function of # can be developed into a Trigonometric 
series to which it is equal for all values of 4 between — zw and z. 

Let /(+) be the given function of x. It can be expressed 
as the sum of an even function of # and an odd function of + 
by the following device : 


Ke) . (2) = 4) + J#) a 2) (1) 


zi ale 
identically ; but Aan Les) is not changed by reversing 


the sign of # and is therefore an even function of x; and when 
, x)—f(— *). 
we reverse the sign of x, eA aw) A is affected only to the 
extent of having its sign reversed, and is consequently an odd 
function of x. 
Therefore for all values of x between — z and z 


AO) TAK *) — 15, 4 5, cos. x + 4, cos 27+ 0,005 32 +... 


COS mx .ax: 


where = 2 (AOE x) 
= 7 « 2 


fay +) 


and : =a, sinzx +a, sin 2r-+a,sin 37+... 


Tv 
2 eT 
where psa: (oe ee sin mx .dax. 
y S 
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6,, and a,, can be simplified a little. 


COS Mx. At 


pee fle rte® 
a 2 


1 fe p> , 
= =| [7 COS MX. dx+ f f—2) COS mx dx |; 
0 0 
but if we replace x by — 4, we get 


ie +) cos mx.dx=— | Kx) cosmx.dx= | f(x)cos mz.dz, 
/ / hs 


and we have a — [A cos mx. dx. 


In the same way we can reduce the value of a,, to 


ie : 
= f Ae sin mx .dx. 
Hence 
Ne) => 6, + 6, cos + 6, cos 2x + 6, cos 34+... 
+a, sin «+ a, sin 2x + a, sin 3¥:+..., (2) 


I us 

where Gs — fhe) cos mx .ax, (3) 
iors 

and Qa — fife) sin mx. ax, (4) 


and this development holds for all values of x between — 7 
and z. 
The second member of (2) is known as a Fourier’s Series. 
The developments of Arts. S and 7 are special cases of 
development in Fourier’s Series. 


Prob. 6. Show that for all values of x from — 7 to 7 


2sinh z/[ 1 I r I I i 
= ———| —— —cos x + —cos 2x — — cos 3x-+ —cos 4x++.,. 
A OY ee 5 10 17 
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2 sinh 7 14 
a 


E sin» — <sin sx + sin 3 — 2 sin gx +. ab 


Prob. 7. Show that formula (2), Art. 8, can be written 
ia) = a cosf, + ¢, cos (« — £,) + ¢, cos (2x — f,) 
+ ¢, cos (3 — f,) +. 


ae 
where Ce (Gn +0, and Ba tale a 


m 


Prob. 8. Show that formula (2), Art. 8, can be written 
I(*) = =a, sin 8, +¢, sin (w + f,) + ¢, sin (2x + £,) 
+c, sin (33x+ 6,)+..., 
One 
es 


where bm = (Gn? + 8,7)? and fy, = tan1— 


ART. 9. EXTENSION OF FOURIER’S SERIES. 


In developing a function of x into a Trigonometric Series it 
is often inconvenient to be held within the narrow boundaries 
*a—=—a2and2x=dq. Let us see if we cannot widen them. 

Let it be required to develop a function of x into a 
Trigonometric Series which shall be equal to /(#) for all values 
of # between # = —c and t= c. 

Introduce a new variable 


a 
Pia. 


ee 
which is equal to — z when x = — cc, and to zw when x = «. 
He f(s) can be developed in terms of z by Art. 8, 


(2), (3), and (4). We have 


€ 


I 
ate \ats, +o, cos 2 + 6, cos 2z + 6, cos 3g +... 
+ 4, sin z-+ a, sin 2z-+ a, sin 3¢+..., (1) 


Leyrtiie 
where on = — ff (£.) cos mz. dz; (2) 
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and An = Sed sin mz. az, (3) 
and (1) holds good from z= — z to z=7. 


Replace z by its value in terms of x and (1) becomes 


Wee bcos bcos eb. cos 
2 ie C G 
1 
+ a, sin “> +a, sin“ +a, sin +, er | 
and (2) and (3) can be transformed into 
Fad minx 

bn = — f fe) cos “az, (5) 

he -. va J(#) sin a ax, (6) 
and (4) holds good from + = — ¢ tox =. 


In the formulas just obtained ¢ may have as great a value 
as we please so that we can obtain a Trigonometric Series for 
J(4) that will be equal to the given function through as great 
an interval as we may choose to take. 

It can be shown that if this interval ¢c is increased indefi- 
nitely the series will approach as its limiting form the double 


integral = f fa)ar [cos a(A — x)da, which is known as a 
—0o 0 


Fourier’s Integral. So that 
3 co 2 
I 
Aa) =f fajar f cos a(d — x)aa (7) 
—o 0 / 


for all values of x. 

For the treatment of Fourier’s Integral and for examples 
of its use in Mathematical Physics the student is referred to 
Riemann’s Partielle Differentialgleichungen, to Schlémilch’s 
Hohere Analysis, and to Byerly’s Fourier’s Series and 
Spherical Harmonics. 
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Prob. g. Show that formula (4), Art. 9, can be written 
ne) = a cos f, + ¢, cos (2% — f, + ¢, cos ee _ p,} 
+2, 008 |3= = A) = late 


: Lr. a 
where C= (, tebe and, “Pi tates ae 


m 


Prob. ro. Show that formula (4), Art. 9, can be written 
fla) = Le sin 8, + e,sin(™ + 6,) +4, sin (2% + 4.) 
+e, sin | 2 8) aon 
\ 


1 ip 
where 6, = (a + by) and. 6x — tae 
Qn 


ART. 10. DIRICHLET’S CONDITIONS. 


In determining the coefficients of the Fourier’s Series rep- 
resenting f(x) we have virtually assumed, first, that a series of 
the required form and equal to /(*%) exists; and second, that 
it is unzformly convergent , and consequently we must regard 
the results obtained as only provisionally established. 


It is, however, possible to prove rigorously that if f(x) is 
finite and single-valued from + = — 7 to x =7 and has not 
an infinite number of (finite) discontinuities, or of maxima or 
minima between # = — 7 and «= 7, the Fourier’s Series of 
42), Art. 8, and that Fourier’s Series only, is equal to f(x) 
for all values of « between — 7 and 7, excepting the values of 
x corresponding to the discontinuities of f(x), and the values 
a and — 7; and that if ¢ is a value of x corresponding toa 
discontinuity of /(+), the value of the series when x = ¢ is 


ayeee [Aete+f(e—6)]; and that when + =z or 
_& = — 7 the value of the series is $[ f(z) 4-/(—7)]. 


This proof was first. given by Dirichlet in 1829, and may be 
found in readable form in Riemann’s Partielle Differential- 
gleichungen and in Picard’s Traité d’Analyse, Vol. 1. 
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A good deal of light is thrown on the peculiarities of trigo- 
nometric series by the attempt to construct approximately the 
curves corresponding to them. 

If we construct y =a, sin x and y =a, sin 2% and add the 
ordinates of the points having the same abscissas, we shall ob- 
tain points on the curve 

y =a, sin ++ a, sin 22. 


If now we construct y = a, sin 34 and add the ordinates to 
those of y = a, sin x + a, sin 24 we shall get the curve 
4 y=a,sin x + a, sin 2x + a, sin 32. 
By continuing this process we get successive approximations to 


y =a, sin x +a, sin 2% + a, sin 34 + a, sin 4x + --- 


ets apply this method to the series 
y=sing+4sin3z+4sin 54+ ---- (i)(See (7) Are, O-) 


4 
ee Or om i to tr end O Whe nie 


It must be borne in mind that our curve is periodic, hav- 
ing the period 27, and is symmetrical with respect to the 
origin. 

The preceding figures represent the first four approxima- 
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tion to this curve. In each figure the curve y = the series, 
and the approximations in question are drawn in continuous 
lines, and the preceding approximation and the curve corre- 
sponding to the term to be added are drawn in dotted lines, 
Prob. 11. Construct successive approximations to the series 


given in the examples at the end of Art. 6. 
Prob. 12. Construct successive approximations to the Maclaurin’s 
3 


5 
x 
a ee 


Series for sinh x, namely « + zi + 2 | 


ART. 11. APPLICATIONS OF TRIGONOMETRIC SERIES. 


(a) Three edges of a rectangular plate of tinfoil are kept 
at potential zero, and the fourth at potential 1. At what po- 
tential is any point in the plate? 

Here we have to solve Laplace’s Equation (3), Art. 1, 
which, since the problem is two-dimensional, reduces to 


Sra en ae 


gant ay > 2 

subject to the conditions V = o when x = 0, (2) 
Vass Ore Fo eet (3) 

V=0“% y=0, (4) 

ey SS yee oe (5) 


Working as in Art. 3, we readily get sinh #y sin fz, 
sinh By cos 6x, cosh By sin Bx, and cosh By cos Bx as particu- 
lar values of V satisfying (1). 


V = sinh ae sin = satisfies (1), (2), (3), and (4). ; 
fi sinh m Bi ‘ sinh 2 ane 
— ———F sin — + — sin -... (6) 
eV Ssink 2. 7 Oi 
a 


is the required solution, for it reduces to 1 when y = 6, See 
Cee tteA0, 


APPLICATIONS OF TRIGONOMETRIC SERIES. 3a 


(4) A harp-string is initially distorted into a given plane 
curve and then released; find its motion. 


The differential equation for the small transverse vibrations 
of a stretched elastic string is 


Ale are C3. 


as stated in Art. 1. Our conditions if we take one end of 
the string as origin are 


vi — Ow hen-7 —.0; (2) 
vO ‘“ , a Ip (3) 
OD w= Pp ; 

OL == 0) — O, (4) 
J af as (pre (9). (5) 


Using the method of Art. 3, we easily get as particular solutions 
of (1) 


y = sin 6x sin aft, Wa=Vsin Bx cos apt, 
y = cos fx sinaBt, and y= cos fx cos afte. 


eas mimat : 
y = sin —7— cos — satisfies (1), (2), (3), and (4). 


y= > BS T= cos ee (6) 
BS Zz 
2 
where ee 7 fe) sin a ax (7) 
0 


is our required solution ; for it reduces to Ji@ when t= 0. sce 
Att. O: 

Prob. 13. Three edges of a square sheet of tinfoil are kept at 
potential zero, and the’fourth at potential unity ; at what potential 
is the centre of the sheet? Ans. 0.25. 

Prob. 14. Two opposite edges of a square sheet of tinfoil are 


kept at potential zero, and the other two at potential unity ; at 
what potential is the centre of the sheet? Ans. 0.5. 


Prob. 15. Two adjacent edges of a square sheet of tinfoil are 
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‘kept at potential zero, and the other two at potential unity. At 
-what potential is the centre of the sheet? Ans. 0.5. 
Prob. 16. Show that if a point whose distance from the end of a 
harp-string is “th the length of the string is drawn aside by the 
n 


player’s finger to a distance J from its position of equilibrium and 
ithen released, the form of the vibrating string at any instant is given 
by the equation 


= ( LM TER mrmat 
= ——_> sin — sin cos : 
J ei) ez n Z l 


‘Show from this that all the harmonics of the fundamental note of 
the string which correspond to forms of vibration having nodes at 
the point drawn aside by the finger will be wanting in the complex 
‘note actually sounded. 


Prob. 17.* An iron slab ro centimeters thick is placed between and 
in contact with two other iron slabs each Io centimeters thick. The 
temperature of the middle slab is at first 100 degrees Centigrade 
throughout, and of the outside slabs zero throughout. The outer 
- faces of the outside slabs are kept at the temperature zero. Re- 
quired the temperature of a point in the middle of the middle slab 
fifteen minutes after ‘the slabs have been placed in contact. 
Given a’ = 0.185 in C.G.S. units. Ans. 10°.3. 


Prob. 18.* Two iron slabs each 20 centimeters thick, one of which 
is at the temperature zero and the other at 100 degrees Centigrade 
throughout, are placed together face to face, and their outer faces 
are kept at the temperature zero. Find the temperature of a point 
in their common face and of points 10 centimeters from the com- 
‘mon face fifteen minutes after the slabs have been put together. 

Angi 22°.8 526 Sor) sameeren 


ART. 12.t PROPERTIES OF ZONAL HARMONICS. 


In Art. 4, 2 = P,,(”) was obtained as a particular solution of 
Legendre’s Equation [(7), Art. 4] by the device of assuming 
that ¢ could be expressed as a sum or a series of terms of 
the form a,x" and then determining the coefficients. We 


*See Art. 3. 
t The student should review Art. 4 before beginning this article, 
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can, however, obtain a particular solution of Legendre’s equa- 
tion by an entirely different method. 

The potential function for any point (x, y, ) due to a unit 
of mass concentrated at a given point (%,, y,, 2,) is 

ieee SOE t Gok a 
ps 1 1 

and this must be a particular solution of Laplace’s Equation 
{(3), Art. 1], as is easily verified by direct substitution. 

If we transform (1) to spherical coordinates we get 


I 


Zz 
Vr? — 2rr,[cos 6 cos 6, -+ sin @ sin 9, cos (g—¢,)| +7 


(2) 


asa solution of Laplace’s Equation in Spherical Coordinates 
d5)) Arte 1]. 

If the given point (,, y,, 2,) is taken on the axis of X, as it 
must be in order that (2) may be independent of ¢, 6, =0, and 


I 


V= a 
V7? — arr, cos 6-7, (3) 


is a solution of equation (1), Art. 4. 
Equation (3) can be written 
2\ 4 
V= ae — 2” cos ¢+7) ; (4) 
Ze r eS 


2\ 4 
and if vis less than 7, (x — 2— cos 9+ fe can be developed 


: 1S : ; 
into a convergent power series. Let oo ope be this series, | 
1 


fm being of course a function of 6. Then V = 2 Dur is a 
solution of (1), Art. 4. 

Substituting this value of V in the equation, and remem- 
bering that the result must be identically true, we get after a 


slight, reduction 


Gas Wyo nba? sin jem | = 0% 
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but, as we have seen, the substitution of = cos @ reduces this. 
to Legendre’s equation [(7), Art. 4]. Hence we infer that the 
coefficient of the mth power of z in the development of 
(1 — 2x¥2-+ 2*)-? is a function of x that will satisfy Legendre’s. 


equation. 
(1 — 2x2-+ 2°)" = [1 — 2(2¢ — 2)]-, 


and can be developed by the Binomial Theorem; the coefficient 
of 2” is easily picked out, and proves.to be precisely the func- 
tion of x which in Art. 4 we have represented by /,,(%), and 
have called a Surface Zonal Harmonic. 

We have, then, 


(1-222 +2) 4= P(x) 4P(a).s+Pla).f+Pil2).2'+... (5) 
if the absolute value of 2 is less than 1. 

if7 =="1,1(5) ceduces to 
(t= 22-2)? = F(1)+4,(1).2-+- 71). 2+ PO). 2 = es 
but (1—2¢+2)t=(1—a)t=i1+2+2+24...; 
hence Pea week (6) 


Any Surface Zonal Harmonic may be obtained from the 
two of next lower orders by the aid of the formula 


(WA 1)Paa (2) — 22+ DaP,(2) +2P,(2)=0, (7) 


which is easily obtained, and is convenient when the numerical 
value of # is given. 


Differentiate (5) with respect to z, and we get 


—(g—-*) 


(Gaara kD ee) ese ee 


whence 


—(¢— +) 


pa H(t 28 VP) +2P le) 2t3P (4) ..), 
or by (5) 
(I — 2x2¢ + 2°)\(P.(4) + 2P.(@).2+ 3 (a) .2 > ) 
+ (¢— 2)(P(x) + P(x). 2+ Ple).2+-+-)=0. (8) 
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Now (8) is identically true, hence the coefficient of each 
power of zg must vanish. Picking out the coefficient of 2” and 
writing it equal to zero, we have formula (7) above. 

By the aid of (7) a table of Zonal Harmonics is easily com- 
poced since wehave:P,(7) = 1, and P(%)= #.  Such;a table 
for x = cos @ is given at the end of this chapter. 


ART. 138. PROBLEMS IN ZONAL HARMONICS. 


In any problem on Potential if Vis independent of ¢ so 
that we can use the form of Laplace’s Equation employed in 
Art. 4, and if the value of Y on the axis of X is known, and 


b 
can be expressed as 2a,” or as > earls we can write out 


‘our required solution as 
Ombm (COS G) | 


gmt u 


Va a ACOs 0). 0ta Vc 


for since P,,(1) = 1 each of these forms reduces to the proper 
value on the axis; and as we have seen in Art. 4 each of them 
satisfies the reduced form of Laplace’s Equation. 


As an example, let us suppose a statical charge of J units 
of electricity placed on a conductor in the form of a thin circu- 
lar disk, and let it be required to find the value of the Poten- 
tial Function at any point in the “ field of force” due to the 
charge. | 

The surface density at a point of the plate at a distance 7 
from its centre is 


M 


Cz — = 
4an Vai — 7 


and all points of the conductor are at potential = See Piercess 
Newtonian Potential Function (§ 61). 

The value of the potential function at a point in the axis 
ot the plate at the distance x from the plate can be obtained 
without difficulty by a simple integration, and proves to be 


—,. (1) 
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The second member of (1) is easily developed into a power 


series. 
Aa jae ea 
2a wt Qa 
Mla x x x oR ; : 
=F -£4 5-545 -... lite coe 
a a a a’ ee 
Tigie ay ge tiesi repel ee 
Hence 
Mix r ra 
at heen e Gg ee 
V a. zi (cos aie z (cos 0) 
— £2 Picos 6) + (45 
at (COS Pose 4) 


‘ 4 Lee. ae : 
is our required solution if7 <<aand6 < Be as is 


Ya : 
Sree é)+.. | ifr > a. (5): 


The series in (4) and (5) are convergent, since they may be: 
obtained from the convergent series (2) and (3) by multiplying: 
the terms by a set of quantities no one of which exceeds one 
in absolute value. For it will be shown in the next article that: 
P,, (cos 6) always lies between I and —1. 


Prob. 19. Find the value of the Potential Function due to the 
attraction of a material circular ring of small cross-section. 


The value on the axis of the ring can be obtained by a simple 


M ; 
integration, and is VeLP if JZ is the mass and‘¢ the radius of the 
o+r 


ring. At any point in space, if r<¢ 


M Ve ak wat ar 
= — 6) —=—P eS a 
V 7 | P4(cos ) oR (cos 8) + aH 7? cos A)y—.. | 


> 
—! 


andifr>¢ 
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y= | £P,(cos #) —* “sP,(cos 6) +3 -3 SP (cos #) — ae 


ART. 14. ADDITIONAL FORMS. 


(a) We have seen in Art. 12 that P,,(x) is the coefficient of 
2” in the development of (1 — 2%z-+ 2*)-} in a power series. 


(1 — 2x2 4 2*)-4 = [1 — ae 4 oe — %) 4 2*)-3 

= (1 — 2e%)- 1 — ze—%) -4, 
If we develop (1 — ze%)-# and (1 — ze-%)-3 by the Bi- 
nomial Theorem their product will give a development for 
(1 — 2¥z-++ 2°)-4. The coefficient of 2” is easily picked out. 


and reduced, and we get 
F(cos ¢) = 


a = oe mane | 2 cos m6 + 2 CCE AENT) oe 7 698 (m — 2)6° 


.3.m(m — 1) 


2 aa eas 5 cos (m —4)8-+...| (1) 


If # is odd the parenthesis in(1) ends with the term con- 
taining cos 9; if m is even, with the term containing cos 0, but 
in the latter case the term in question will not be multiplied by 
the factor 2, which is common to all the other terms. 


Since all the coefficients in the second member of (1) are 
positive, P,,(cos 4) has its maximum value when @ = 0, and its. 
value then has already been shown in Art. 12 to be unity. 
Obviously, then, its minimum value cannot be less than — 1. 

(6) If we integrate the value of P,,(7) given in (11), Art. 4, 
m times in succession with respect to %, the result will be 
1.3.5...(2m — Dye: 

(2m)! 
volving lower powers of # than the mth. 


tound to differ from — 1)” by terms in- 


Hence Plt) = 5 ee Ita (2) 
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(c) Other forms for P,(x), which we give without demon- 
stration, are 


a ee SOG a ee 
Pale) = m!' Or” Vx? Lyte (3) 


1A E? We - fle + Vz? —1.cos $|"d¢. (4) 


By dp 
Pal#) = ad tz — Vz —1.cos g]" () 


(4) and (5) can be verified without difficulty by expanding 


and integrating. 


ArT. 15. DEVELOPMENT IN TERMS OF ZONAL HARMONICS. 


Whenever, as in Art. 4, we have the value of the Potential 
Function given on the surface of a sphere, and this value de- 
pends only on the distance from the extremity of a diameter, 
it becomes necessary to develop a function of @ into a series 
of the form 


A,P(cos 6) + A,P,(cos 6) + A,Picos #)+...; 


or, what amounts to the same thing, to develop a function of 
«x into a series of the form 


A,P(2) + A,P(2) + A,Pla)+.... 


The problem is entirely analogous to that of development 
in sine-series treated at length in Art. 6, and may be solved by 
the same method. 


Assume /(z) = 4,P,(4)+4,P(¢) + 4,P(4)+... (1) 


for —I1<*#<1. Multiply (1) by P,,(7)dx and integrate from 
—Itol. We get 


[he Palade "SA, [P(a)Playdz}. (2) 
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We shall show in the next article that 


1 
oh PA*)P,(a4)dx = 0, unless m = n, 
=a ; 


at 
andthat —/'[P,(#)J'ax = Ps 


1 


Hence 9 4, = 7 ; J HePale ide. 6) 


It is important to notice here, as in Art. 6, that the method 
we have used in obtaining A,, amounts essentially to deter- 
mining A,,, so that the equation 


Kt) = A et) A, P(#) + A,P(4) +. G Sa pesee ie Ca) 


shall hold good for x +1 equidistant values of x between — I 
and 1, and taking its limiting value as z is indefinitely in- 
creased. 


ART. 16. FORMULAS FOR DEVELOPMENT. 


We have seen in Art. 4 that ¢ = P,,(x) is a solution of 


: ser) ds by 
Legendre’s Equation an — x’) * |+ sage + te = 0.7 (1) 


Hence S| 0 — 2) 22] 4 min + Pale) = 0, (2) 


ee = sae 


+ n(z+1)P,(4) = 0. (3) 


and 


Multiply (2) by P,(4) and (3) by /,,(#), subtract, transpose, 
and integrate. We have 


[m(m + 1) — m(n-+ 1)] [Pl P(e) 


= fringe 282 
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- feng. fa a Jae @) 


: P, 
= [rine — 7) = 2g — 9] 


-1 


z fu-s pie) 


+ fo-s WP) OF a2) Gem 


ax. art 


by integration by parts, 
= 0. 


Hence dE PAA) (ade 10, (6) 


unless 72 = 7%. 


If in (4) we integrate from # to I instead of from — I tof, 
we get an important formula. 


wee | Ble) seat Spy ane 
me + = —a(a+ : 


and as a special case, since P(r) = 1. 


ey: 7s (eat 


(1 — x 


Wl Paes = mm + 1) 5 (8) 


unless m = O. 


1 
To get [(PAeyvaex is not particularly difficult. By (2), 
a : 


Art: 14; 


pales m my? ym 
i (Pat = sae i Boerne a 


By successive integrations by parts, noting that 


qi-* . F — 
Sie (~* — 1)” contains (4? — 1)* as a factor if x <%, and 
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ahs a) 1)” 
On 


fv ACh 


ay 


Jes —1)"dx = fe- 1)"(4 + 1)"dx 


Sai! 


that = (2m)! we get 


Sus az) a (a? — 1)"de, (10) 


mae OT ee 


al 


Ree: Zea: py 


l= 1 ar ae fe etd tae oss (2m +1)! 


Hence ip [P,,(x) Fae = (11) 


2 
2m + 1° 


1 
Prob. 20. Show that [ P,(x)dx = 0 if m is even and is not zero 
: 0 


le ee: oie Ce ee 
me) m(m+1)'2.4.6. ope 1) as one: 


1 
’ I 
Prob. 21. Show that, / (AG iige = aes Note that 
0 
[?,,.(x) ]’ is an even function of x. 
Prob. 22. Show that if /(x) =o from x = —1tox=0, and 
Pair trom = 0 to x = 1, 
aes a 3 
Se SP (7) 2 P 
fe) =24 370) Lipa) +H P38 pyay— 


Prob. 23. Show that #(0) = = B,,P,,(cos #) where 


m=0 


8, = 2a [ FO) Palcos @) sin 6 a6, 
2 * 
0 


50 HARMONIC FUNCTIONS, 
Prob. 24. Show that 


esc Ui= aE + 5(2) P,, (cos 8) + o( 23) PACS Gy: 3}; 
See (1), Art. 14. 
Prob 25% Show that 
n! 


Js res | ee + 1)P,(x) + (22 — ayes 


Eee 


By bon (x) 


SES (2a uu 5) . 
nek 7) is Li a 


if 1 
a) a a” 2 m 
Note that sf xP Aas : is ae Cs 8 978 and use the 
/ 2"m 1 an 


method of integration by parts freely. 
Prob. 26. Show that if V is the value of the Potential Function 


at any point in a field of force, not imbedded in attracting or repel- 
ling matter; and if md) when 7 = a, 


= pees rn SP tore ity <a 
and V = 24,— or-zP (Os Ot 7 > @, 
2m +1 ;; : 
where Am =F [AA Pnlcos 0) sin 020. 
0 


Prob. 27. Show that if 


= ewhen 7 = @3 a) 17 <2. ane Va itrsa 
’ fe 


ART. 17. FORMULAS IN ZONAL HARMONICS. 
The following formulas which we give without demonstra- 
tion may be found useful for reference: 
hie ale 
GPA) —(an—1)Py_()-(2"=5)Py-s()-+(22=0) Py (2) bene) 


AL ade a £ 
Hs VEL : Be ‘) = (2n-+ 1)P,(%) (2) 


ube (2\dz = [P,_(2) — Pa @h (3) 
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ArT. 18. SPHERICAL HARMONICS. 


In problems in Potential where the value of Vis given on the 
surface of a sphere, but is not independent of the angle ¢, we 
have to solve Laplace’s Equation in the form (5), Art. 1, and 
by a treatment analogous to that given in Art. 4 it can be 
proved that 


m 7 1 a" Pn 
a 7" COs Hp sin” ee and (VY = 7 sin 2d sin” pf fal) 


Mn aye” 
where ys = cos 6, are particular solutions of (5), Art. 1. 


The factors multiplied by 7” in these values are known as 
Tesseral Harmonics. They are functions of ¢ and 6, and they 
play nearly the same part in unsymmetrical problems that the 
Zonal Harmonics play in those independent of ¢. 


et.) = Au) g2 2 ice cos 2p + B, sin u@)sin” ¢ “ne 


is known as a Surface Spherical Harmonic of the mth degree, 
I 
and Voz pe POUL, ~) and Vr, yr VA ue, ~) 


satisfy Laplace’s Equation, (5), Art. 1. 


The Tesseral and the Zonal Harmonics are special cases of 
the Spherical Harmonic, as is also a form P,,(cos y) known as 
a Laplace’s Coefficient or a Laplacian; y standing for the angle 
between ¢ and the radius vector 7, of some fixed point. 

For the properties and uses of Spherical Harmonics we 
refer the student to more extended treatises, namely, to 
Ferrer’s Spherical Harmonics, to Heine’s Kugelfunctionen, or 
to Byerly’s Fourier’s Series and Spherical Harmonics. 


ART. 19.* BESSEL’S FUNCTIONS. PROPERTIES. 


We have seen in Art. 5 that ¢ =_/,(+) where 


Ve x 
COTE ag ng | eM! 


* The student-should review Art. 5 before reading this article. 
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is a solution of the pate 


I dz 
LAL 


(2) 


and we have called an a Bessel’s Function or Cylindrical 
Harmonic of the zero order. 


a ay ete oo a 
DBs ax = 52 eee 24°. eee Te 
is called a Bessel’s Function of the first order, and 
a= J (x) 
is a solution of the equation 
Dee eas, ( 2) Fp 
dx Whee te sae (4) 


which is the result of differentiating (2) with respect to x. 


A table giving values of /,(v) and /,(%) will be found at 
the end of this chapter. 

If we write /,(4) for # in equation (2), then multiply 
through by rdx and integrate from zero to 4, simplifying the 
resulting equation by integration by parts, we get 


ee ge ae if x] (xdx = 0, 
or, since /,(47) = — te -, 
ax 
Se J (a)dx = x] (x). (5) 


If we write /,(7) for s in equation (2), then multiply through 
vy 2D 


, and integrate from zero to x, simplifying by inte- 


gration rs parts, we get 


a aie) ) + lay’ | = : «(J (x))'dx = 0, 


: [ oye =F YU} © 
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If we replace x by px in (2) it becomes 


Bie ee Wed 
is = 0 (7) 


Lae 
(See (8), Art. 5). Hencez = /,(ux) is a solution of (7). 


If we substitute in turn in (7) /,(uex) and /,(,2) for z, mul- 
tiply the first equation by x/,(4,1), the second by x/,(u,*), 
subtract the second from the first, simplify by integration by 
parts, and reduce, we get 


J Thee (wade 


AT (MOT Met) MAS (Met), (.2)]- (8) 


elas i 
Hence if u, and yu, are different roots of /,(ua) = 0, or of 
J (ua) = 0, or of pa/,(ua) — 2J,(ua) = 0, 


fT Mr Jude = 0. (9) 


0 
We give without demonstration the following formulas, 
which are sometimes useful: 


Fa) = feos (4 cos p)@@. (:0) 


ee ¥ f sis’ @ cos (4 cos p)d@. (11) 


They can be confirmed by developing cos (% cos ¢), inte- 
grating, and comparing with (1) and (3). 


ART. 20. APPLICATIONS OF BESSEL’S FUNCTIONS. 


(2) The problem of Art. 5 is a special case of the following: 
The convex surface and one base of a cylinder of radius a 
and length 6 are kept at the constant temperature zero, the 
temperature at each point of the other base is a given function 
of the distance of the point from the center of the base; re- 
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quired the temperature of any point of the cylinder after the 


permanent temperatures have been established. 
Here we have to solve Laplace’s Equation in the form 
SW CL 50 
=O0O I 
BRu or noe: (1) 
(see Art. 5), subject to the conditions 


“= 0, when 4= 60, 
Ui ON ue" 5 
ia Cg ee oD 


Starting with the particular solution of (1), 


w = sinh (us) Jur), (2) 
and proceeding as in Art. 5, we get, if 4, Hy, Mss-+- are roots 
of J (Ha) = 0, (3) 
and J(r) =A WV; (1,7) ate Ay, (Mg r) se A Fis?) sec e993 (4) 

sinh (14,2) sinh (2) 
igs Fen raa CAS lee 2sin ST On” (5) 


(6) If instead of keeping the convex surface of the cylinder 
at temperature zero we surround it by a jacket impervious to 
heat the equation of condition, « =o when vy = a, will be re- 


placed by = == O when 7 =a, or if wu = sinh (ue2)/,(yr) by 


CES when 7 = a, 
dr 
that is, by — w/ (ua) =0 
or Sk payr= oO. (6) 


If now in (4) and (5) 4, 4,, Ms, -+-+ are roots of (6), (5) will 
be the solution of our new problem. 


(c) If instead of keeping the convex surface of the cylinder 
at the temperature zero we allow it to cool in air which is at 
the ee es zero, the condition «=o when 7 =a will be 


replaced by © “= “+ hu =o when r = a, # being the coer aa 


of surface Be 
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If « = sinh (uz)/,(ur) this condition becomes 
— Wer) +h] (ur) =0 when r =a, 
or Mas (pa) — ahJ (ua) = o. (7) 


If now in (4) and (5) “,, fa, Me, --+ are roots of (7), (5) will 
be the solution of our present problem. 
It can be shown that 


J\(#) = 9, (8) 
Ji(4) = 9, (9) 
and a/ (4) — AJ (4) =0 (10) 


have each an infinite number of real positive roots.* The 
earlier roots of these equations can be obtained without serious 
difficulty from the table for /,(v) and /,(v) at the end of this 
chapter. 


ART. 21. DEVELOPMENT IN TERMS OF BESSEL’S FUNCTIONS. 


We shall now obtain the developments called for in the last 
article. 

Let 7) a ALT) = A, J \ pr) ae AT (fer) a8 eS? (1) 
Pema. etc.,, being roats-of-/ (va) = 0, or of :/,(41a) ==.0, or 
a. pas (ua) — AJ (ua) = 0. 


To determine any coefficient A, multiply (1) by ~/7,(4,7)dr 
and integrate from zero toa. The first member will become 


‘a 


Sf dunyar. 


0 
Every term of the second member will vanish by (9), Art. 
Ig, except the term 


Ay f'r Jur \Tar. 
a Kpe : 


[A Tduoytar = fat Detar = F(T.uea HT (oa?) 


0 


by (6), Art. 19. 


* See Riemann’s Partielle Differentialgleichungen, § 97. 
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Hence A, = 


2 re 
rr PA Lis 
a((4a))'+ Tan ET ae 


The development (1) holds good from r= 0 tor =a (see 
Arts. 6 and 15). 
If U,5 fy» My, etc., are roots of /,(ua) = 0, (2) reduces to 


\ 


eg = 
ApS UT map) A Aura (3) 
If ,5 His Bes Cte, are roots of 7 (ua) = 0, (2) reducesite 
2 on 
A,= EWACOIPA Ar (var )ar. (4) 


If ,, a, Ms, etc., are roots of pa/,(ua) — A/J,(Ma) = 0, 
(2) reduces to 


A, ohe fof duerydr. (8) 


= Cia yee 


For the important case where /(7) = I 


a& We eee 


J for duadr= fT ui ar=— ee = 7i,/ a) ©) 


“0 0 


by (5), Art. 19; and (3) reduces to 


2 


A= 
i MyQJ (4,2) (7) 
(4) reduces to 
A, =o, (8) 
except for = 1, when p#, = 0, and we have 
Aig atts (9) 
2X 
(5) reduces to ree ear ey Gans (10) 


Prob. 28. A cylinder of radius one meter and altitude one meter 
has its upper surface kept at the temperature 100°, and its base and 
convex surface at the temperature 15°, until the stationary temper- 
atures are established. Find the temperature at points on the axis 
25.50, and 75 centimeters from the base, and also at a point 25 
centimeters from the base and 50 centimeters from the axis. 


ANS. 29.05 47 .0 9270 gam ones 
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Prob. 29. An iron cylinder one meter long and 20 centimeters 
in diameter has its convex surface covered with a so-called non-con- 
ducting cement one centimeter thick. One end and the convex 
surface of the cylinder thus coated are kept at the temperature zero, 
the other end at the temperature of 100 degrees. Given that the con- 
ductivity of iron is 0.185 and of cement 0.000162 in C. G. S. units. 

Find to the, nearest tenth of a degree the temperature of the mid- 
dle point of the axis, and of the points of the axis 20 centimeters 
from each end after the temperatures have ceased to change. 

Find also the temperature of a point on the surface midway be- 
tween the ends, and of points of the surface 20 centimeters from 
each end. Find the temperatures of the three points of the axis, 
supposing the coating a perfect non-conductor, and again, suppos- 
ing the coating absent. Neglect the curvature of the coating. Ans. 


PEE AO OR 7-2 28s T5939 40 ..7%7.2 28 $1 ORO 2) 0 .Ocne Liu; 
Prob. 30. If the temperature at any point in an infinitely long 
cylinder of radius ¢ is initially a function of the distance of the 
point from the axis, the temperature at any time must satisfy the 
nia Or flout now 
equation ee & aC aon 
dependent of z and ¢. 
Show that 


“= Aen enn J(ur) + Agen Pm" 7447) 
ai POs ACHES) = nets) 


where, if the surface of the cylinder is kept at the temperature 
zero, M,, My, My,+-- are roots of J,(Mc) = o and Az is the value 
given in (3) with ¢ written in place of a; if the surface of the cylin- 
der is adiabatic f,, ,, M,,... are roots of /,(uc) = 0 and 4; is ob- 
tained from (4); and if heat escapes at the surface into air at the tem- 
Petature zero jy, f,, /,,...are roots of pe7,(yc) — AJ, (yc). = o, 
and A; is obtained from (s). 


) (see Art. 1), since it is clearly in- 


Prob. 31. If the cylinder described in problem 29 is very long 
and is initially at the temperature 100° throughout, and the con- 
vex surface is kept at the temperature o°, find the temperature of a 
point 5 centimeters from the axis 15 minutes after cooling has begun ; 
first when the cylinder is coated, and second, when the coating is 
absent, —Ans. 97°.2; ©°.01. 

Prob. 32. A circular drumhead of radius @ is initially slightly 
distorted into a given form which is a surface of revolution about 
the axis of the drum, and is then allowed to vibrate, and 2 is the 
ordinate of any point of the membrane at any time. Assuming that 
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: : 2 i Tae Srey 4 
% must satisfy the equation ag ia = + — 5) subject to the con= 
Gy 


Oy we OF 
ee Of 
fitions = o when = a, Ae when ¢ = 0, and z = f(r) when 
O 


{="o, show that 2 = 4;,/,(4,r) cos fet + Ay/3(/47) COS chee 
where /4,, M,, M,,--. are roots of /,(ua) = o and A; has the value 


given in (3). 

Prob. 33. Show that if a drumhead be initially distorted as in 
problem 32 it will not in general give a.musical note; that it may be 
initially distorted so as to give a musical note ; that in this case the 
vibration will be a steady vibration ; that the periods of the various 
musical notes that can be given are proportional to the roots of 
J,(x) = 0, and that the possible nodal lines for such vibrations 
are concentric circles whose radii are proportional to the roots of 


fie) = 0: 
ART. 22. PROBLEMS IN BESSEL’S FUNCTIONS. 


If ina problem on the stationary temperatures of a cylinder 
“=O when #= 0, 4.=Owhens= 0, and w= /(Z) whem 
the problem is easily solved. If in (2), Art. 20, and in the cor- 
responding solution zg = cosh (yz) /,(u7) we replace by pz, we 
can readily obtain z= sin (uz)/,(urz) and 2 = cos (mez)/,(p72) 
as particular solutions of (1), Art. 20; and 

aa : 
52 


J (#2) = ty tee re: “Fics (1) 


and is real. 


k= 00 * 
f(z) = = A, sin 22 
Yeh 


5 
where A, =5 Jf sin oe dz {2) 
by Art. 9. 
‘ (4) 
Hence a sin peas ee 13) 
Boas 


is the required solution. 


— 
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A table giving the values of /,(%2) will be found at the end 
of this chapter. 

Prob. 34. A cylinder two feet long and two feet in diameter has 
its bases kept at the temperature zero and its convex surface at 
10oo degrees Centigrade until the internal temperatures have ceased 
to change. Find the temperature of a point on the axis half way 


between the bases, and of a point six inches from the axis, half way 
between the bases. Ans. 72.°1; 80°.1. 


ART. 23. BESSEL’S FUNCTIONS OF HIGHER ORDER. 


If we are dealing with Laplace’s Equation in Cylindrical 
Coordinates and the problem is not symmetrical about an 
axis, functions of the form 


oad oe x 
Lad) = si! ~ 2(n + 1) ap 2 rato Crna 2), lie | 
play very much the same part as that played by /,(%) in the 
preceding articles. They are known as Bessel’s Functions of 
the zth order. In problems concerning hollow cylinders much 
more complicated functions enter, known as Bessel’s Functions 
of the second kind. 

For a very brief discussion of these functions the reader is 
referred to Byerly’s Fourier’s Series and Spherical Harmonics ; 
for a much more complete treatment to Gray and Matthews’ 
admirable treatise on Bessel’s Functions. 


ART. 24. LAME’S FUNCTIONS. 


‘Complicated problems in Potential and in allied subjects are 
usually handled by the aid of various forms of curvilinear co- 
érdinates, and each form has its appropriate Harmonic Func- 
tions, which are usually extremely complicated. For instance, 
Lamé’s Functions or Ellipsoidal Harmonics are used when 
solutions of Laplace’s Equation in Ellipsoidal coordinates are 
required; Toroidal Harmonics when solutions of Laplace’s 
Equation in Toroidal coordinates are needed. 


For a brief introduction to the theory’ of these functions 
see Byerly’s Fourier’s Series and Spherical Harmonics. 
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HARMONIC FUNCTIONS, 


I. Surrace ZoNAL HARMONICS. 


DS 


° 


CONS Powe oS 


P, (cos 6) 


1.0000 
.9998 
9994 
.9986 
9976 


. 9962 
. 9945 
9925 
. 9903 
9877 


. 9848 
.9816 
9781 
9744 
.9708 


9659 
.9613 
9563 
9511 
9455 


9397 
. 9336 
9272 
9205 
.91385 


9063 | 
. 8988 
.8910 
8829 
8746 


.8660 
8572 
.8480 
.8887 
8290 


.8192 
8090 
. 7986 
7880 
Shera 


. 7660 
1547 
7431 
7314 
7198 


1071 


TABLE 

P, (cos 8)| Ps (cos @) 

1.0000 | 1.0000 
. 9995 . 9991 
. 9982 . 9963 
. 9959 .9918 
9927 . 9854 
. 9886 9773 
. 9836 - 9674 
9777 9557 
9709 . 9423 
9633 9273 
. 9548 -9106 
9454 .8923 
. 9852 8724 
.9241 .8511 
9122 .8283 
.8995 .8042 
.8860 7187 
.8718 . 7519 
.8568 . 7240 
.8410 . 6950 
.8245 . 6649 
. 8074 . 6388 
. 7899 .6019 
. 7710 . 5692 
7518 .5357 
7321 .0016 
Sally .4670 
6908 .4319 
6694 8964 
6474 . 3607 
.6250 . 8248 
. 6021 . 2887 
5788 . 2527 
.5551 .2167 
.0810 . 1809 
.5065 .1454 
.4818 .1102 
.4567 0755 
.4814 .0413 
.4059 0077 
.38802 | —.0252 
.8044 |— .0574 
.8284 |— .0887 
. 3023 |—.1191 
.2762 |—.1485 


—.1768 


P, (cos 6) 


1.0000 


9985 
9939 
.9863 
9758 


-9623 
9459 
.9267 


9048 - 


8803 


.8532 
8288 
-7920 
7582 
7224 


.6847 
6454 
6046 
0624 


-0192 


4750 
.4300 
8845 


.3386 


2926 


2465 


2007 


1558 
-1105 
.0665 


02384 
.0185 
0591 
.0982 
1857 


1714 
2052 
23870 
2666 
2940 


.3190 
0416 


—.3616 
—.3791 
—.3940 


—.4062 


P, (cos @) 


1.0000 
9977 
.9909 
9795 
9688 


9437 
.9194 
8911 
.8589 
.8232 


- 7840 
“T7417 
.6966 
.6489 
.5990 


5471 
4937 
4391 
.0806 
.8276 


2715 
2156 
.1602 
1057 
0525 


.0009 
—.0489 
—.0964 
—.1415 
—.1839 


— 2233 
—.2595 
— .2928 
—.3316 
—.3473 


—.8691 
— 3871 
—.4011 
—.4112 
—.4174 


Pz (cos 6) 


1.0000 
.9967 
9872 
.9713 
9495 


.9216 
.8881 
8476 
8058 
7571 


.7045 
.6483 
.5892 
0273 
-4635 


8982 
8822 
.2660 
2002 
1847 


.0719 
0107 
0481 
-1088 
1559 


20538 
2478 
2869 


8211 
3503 


.8740 


0924 


-4052 


— .4126 


.4148 


—.4115 
— 4081 
—.3898 
—3719 
—.8497 


— 8234 
—.2988 
=. vOut 
=.2250 
—.1878 


—.1485 


P, (cos @) 


1 


.0000 
.9955 
9829 
.9617 
.9829 


8961 
8522: 
7986. 
7448, 
6831 


6164. 
6461 

4732. 
8940» 
38219) 


2454 


.1699: 
.0961 


-0289 


(ule atictines I AENGe fel emminciericee| 


Dee. 


0448. 


1072: 
1662 
2201 
2681 


8095 
.8463 


all 
3921 
4052: 


4114 
AL0L 


4022" 
3876 


0670 
8409 


3096 
2738 
2348 
1918 


1469 


1008 
0534 
0065: 
03898 
.0846 


1270 
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TABLES, 
TaBLE I. Surrace Zonau Harmonics. 

6 P, (cos §)} P, cos 6) | Ps (cos 6)| Py (cos 8) Ps (cos 6) Ps (cos 0) P, (cos 6) 
45° 7071 .2500 | —.1768 | —.4062 —.8757 —.1485 .1270 
46 .6947 .2238 | —.2040] —.4158 —.3568 | —.1079 . 1666 
47 .6820 .1977 | —.2800 | —.4252 —.3350 —.0645 .2054 
48 .6691 .1716 |-—.2547 | —.4270 —.8105 —.0251 .2049 
49 - 6561 .1456 | —.2781 | —.4286 — 2836 .0161 2627 
50 . 6428 .1198'| —.8002 | —.4275 —.2045 .0563 2854 
51 - 6293 .0941 | —.8209 | —.4289 — .2285 .0954 .80381 
52 .6157 .0686 | —.8401 | —.4178 —.1910 .1826 .3153 
53 .6018 .0483 | —.8578 | —.4098 —.1571 1677 .o221 
54 . 5878 .0182 | —.3740 | —.3984 —.1223 .2002 .8284 
55 .5736 | —.0065 | —.8886 | —.3852 —.0868 2297 .0191 
56 .9592 | —.03810 | —.4016 | —.8698 —.0510 .2009 -8095 
57 .0446 | —.0551 | —.41381 | —.3524 —.0150 2787 2949 
58 .9299 | —.07s8 | —.4229|} —.3881 .0206 .2976 .2752 
59 +5150 | —.1021 | —.4810 | —.3119 .0557 .8125 2011 
60 .0000 | —.1250 | —.4875 | —.2891 .0898 8282 2201 
61 4848 | —.1474 | —.4423 | —.2647 1229 -8298 .1916 
62 .4695 | —.1694 ' —.4455 ; —.2890 .1545 .oo2l 1571 
63 .4540 | —.1908 | —.4471 | —.2121 1844 .3002 .1208 
64 .4884 | —.2117 | —.4470 | —.1841 2123 .8240 .0818 
65 -4226 | —.23821 | —.4452 | —.1552 .2381 .31388 .0422 
66 4067 | —.2518 | —.4419 | —.1256 .2615 .2996 .0021 
67 .8907 | —.2710 | —.4870 | —.0955 2824 .2819 —.0375 
68 .8746 | —.2896 | —.4805 | —.0650 .8005 .2605 —.0763 
69 .8084 | —.8074 | —.4225 | —.0844 .3158 .2361 —.1135 
70 .8420 | —.3245 | —.4130 | —.0088 .3281 .2089 —.1485 
71 8256 | —.3410 | —.4021 .0267 10018 61786 7 -——.1811 
72 .38090 | —.3568 | —.3898 .0568 8484 .1472 -- .2099 
73 , 2924 | —.8718 | —.38761 .0864 .8463 1144 — 2347 
74 .2756 | —.3860 | —.3611 ~11538 .8461 .0%95 — 2559 
7d .2588 | —.3995 | —.38449 1434 8427 .0431 —.2730 
76 2419 | —.4112 | —.8275 1705 ,8362 .0076 — .2848 
77 .2250 | —.4241 | —.3090 .1964 .8267 — .0284 — 2919 
78 .2079 | —.4352 | —.2894 .2211 .0143 — .0644 —.2943 
79 .1908 | —.4454 | —.2688 .2443 .2990 — .0989 — .2913 
80 .1786 |.—.4548 | —.2474 .2659 .2810 —.1821 — 2835 
81 .1564 | —.4683 | —.2251 .2859 .2606 —.1685 — .2709 
82 .1892 | —.4709 | —.2020 .8040 .2378 —.1926 — .25386 
83 .1219 | —.4777 | —.1783 .82038 .2129 —.21938 — .2321 
84 .1045 | —.4836 | —.15389 .8045 .1861 — 2431 —.2067 
85 .0872 | —.4886 | —.1291 .8468 1577 — .2638 —.1779 
86 .0698 | —.4927 | —.10388 .8569 .1278 —.2811 —.1460 
87 .0523 | —.4959 | —.0781 .8648 .0969 —.2947 —.1117 
88 -0849 | —.4982 | —.0522 87104 .0651 —.8045 —.0785 
89 .0175 | —.4995 | —.0262 .8739 .0827 —.38105 —,.0381 
90° .0000 | —.5000 .0000 .8750 .0000 — 8125 .0000 
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HARMONIC FUNCTIONS. 


TaBLe II. Bxssev’s FUNCTIONS. 


BAC 2) x Jo(x) I(x) x 
0.0000 || 5.0 | —.1776 | —.8276 || 10.0 
.0499.|| 5.1 | —.1443 | —.3371 |! 10.1 
0995 | 5.2 | —.1108 | —.3432 |) 10.2 
1488 || 5.3 | —.0758 | —.3460 |; -10.3 
.1960 || 5.4 | —.0412 | —.3453 || 10.4 
2423 || 5.5 | —.0068 | —.3414 || 10.5 
2867 || 5.6 .0270 | —.3348 || f0.6 
8290 || 5.7 .0599 | —.8241 || 10.7 
.8688 || 5.8 .0917 | —.3110 || 10.8 
.4060 || 5.9 .1220 | —.2951 || 10.9 
.4401 || 6.0 .1506 | —.2767 || 11.0 
4709 || 61 1778 | —.2559 || 11.1 
4983 || 6.2 .2017 | —.2329 || 11.2 
5220 || 6.3 .2238 | —.2081 || 11.3 
5419 || 6.4 2483 | —.1816 || 11.4 
5579 || 6.5 2601 | —.1588 || 11.5 
5699 || 6.6 .2740 | —.1250 || 11.6 
.5778 || 6.7 .2851 | —.0953 || 11.7 
5815 | 6.8 2931 | —.0652 || 11.8 
5812 '| 6.9 .2981 | —.0349 |) 11.9 
.5767 || '7.0 .8001 | —.0047 ||} 12.0 
5683 || 7.1 2991 | 0252 || 12.4 
.5560 || 7.2 2951 | .0548 || 12.2 
.5399 || 7.8 .2882 | .0826 || 12.3 
.5202.|| 7.4 .2786 | 1096 || 12.4 
4971 || 7.5 .2663 | 1352 || 12.5 
4708 | 7.6 .2516 | .1592 || 12.6 
4416 || 7.7 2346 | .1818 |) 12. 
.4097 || 7.8 .2154| 2014 || 12.8 
8754 || 7.9 1944] .2192 || 12.9 
8391 | 8.0 1717| .2346 || 13.0 
8009 | 8.1 1475 | .2476 || 181 
2613 | 82 .1222 | .2580 |’ 13.2 
.2207 || 8.3 0960 | .2657 || 13. 
1792 || 8.4 0692 | .2708 || 18.4 
1874 || 8.5 .0419 | — .2781 |] 13.5 
.0955 || 8.6 .0146| .2728 || 13.6 
.0538 || -8:7-| —.0125| 2697 || 13. 
.0128 || 8.8 | —.0892|] .2641 || 13.8 
—.0272 || 8.9 | —.0658| .2559 || 13.9 
—.0660 |} 9.0 | —.0908| .2453 || 14.0 
—.1038 || 9.1 | —.1142| .2824 || 14:4 
—.1386 || 9.2 |—.1867! 2174 |! 14.9 
—.1719 || 9.8 | —.1577] 2004 |] 14.3 
—.2028 ||. 9.4 | —.1768|} .1816 || 14.4 
—.2311 || 9.5 |—.1989! .1618 || 14.5 
—.2566 || 9.6 .2090] .1895 || 14.6 
—,2791 || 9:7 | —.2ete. 166 I) 44 
—.2985 || 9.8 | —.2823| .0928 || 14.8 
—.3147 || 9.9 | —.2403| .0684 || 14.9 
—.3276 || 10.0 | —.2459 0435 || 15:0 |-—.0142 
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TaBLeE III.—Roots or BrssEL’s FUNCTIONS. 


——$—$—$ $< 


n x, for Jo(x,) =0 |x, for J(x,) = 0 n x, for Jo(%,) = 0 |x, for A(x,) = 6 
1 2.4048 3 83817 6 18.0711 19.6159 
2 5.5201 7.0156 q 21.2116 22.7601 
3 8.6537 10.1735 8 24.3525 25 9037 
4 11.7915 13.3237 9 27.4985 29.0468 
5 14.9309 16.4706 10 30.6346 32.1897 


TasLeE [TVY.—VALUES OF J,(a7). 


a“ J (xt) x Jo(xi) ey) J (x2) 

0.0 1.0000 2.0 2 2796 4.0 11.3019 
0.1 1.0025 7351! 2.4468 4.1 12.3236 
0.2 1.0100 2.2 2.6291 4.2 13.4425 
0.3 1.0226 2.3 2.8296 4.3 14.6680 
04 1.0404 2.4 8.0498 4.4 16.0104 
0.5 1.0635 2.5 3.2898 4.5 17.4812 
0.6 1.0920 2.6 8.5533 4.6 19.0926 
ORG 1.1263 2.7 8.8417 4.7 20.8585 
0.8 1.1665 2.8 4 1573 4.8 22.7937 
0.9 1.21380 2.9 4.5027 4.9 24.9148 
1.0 1.2661 3.0 4.8808 5.0 27.2399 
iia 1.3262 3.1 5.2945 5.1 29.7889 
io 1.3937 3.2 5.7472 5.2 32.5886 
1.3 1.4963 3.3 6.2426 5.3 35.6481 
14 1.5534 3.4 6.7848 5.4 39.0088 
1.5 1.6467 3.5 7.3782 5.5 42.6946 
1.6 1.7500 3.6 8.0277 5.6 46.7376 
Lee 1.8640 3.7 8.7386 5.7 51.1725 
1.8 1.9896 3.8 9.5169 5.8 56.0881 
1.9 2.1277 3.9 10.3690 5.9 61.8766 


INDEX. 


Bernouilli, Daniel, 7. 
Bessel’s Functions: 
applications to physical problems, 
DSR): 
development in terms of, 55-56. 
first used, 7. 
introductory problem, 21. 
of the order zero, 23. 
of higher order, 59. 
problems, 25, 56-59. 
properties, 51-53. 
series for unity, 24, 56. 
~ tables, 62-63. 


Conduction of heat, 7. 
differential equations for, 8, 9, 10, 13, 
21, 54, 57: 
problems, 12-15, 21-25, 40, 50, 57. 
Continuity, equation of, 9. 
Cosine Series, 30. 
determination of the coefficients, 30. 
problems in development, 31. 
Cylindrical harmonics, 52. 


Differential equations, ro. 
arbitrary constants and arbitrary 
functions, ro. 
linear, 10. 
linear and homogeneous, Io. 
general solution, ro. 
particular solution, ro. 
Dirichlet’s conditions, 36. 
Drumhead, vibrations of, 57, 58. 


Electrical potential problems, 15, 39, 


40, 43. 
Ellipsoidal harmonics, 59. 


Fourier, 7. 
Fourier’s integral, 35. 
Fourier’s series, 32-36. 
applications to problems in physics, 
38-40. 
Dirichlet’s conditions of developa- 
bility, 36. 
extension of the range, 34-35. 
graphical representation, 37. 
problems in development, 33, 34. 


Harmonic analysis, 7. 
Harmonics: 

cylindrical, 12, 21, 25, 51-59, 62- 

63. 

ellipsoidal, 55. 

spherical, 7, 12, 51. 

tesseral, 51. 

toroidal, 59. 

zonal, 12, I5—21, 40, 50, 60-61. 
Heat v. Conduction of heat, 7 
Historical introduction, 7. 


Introduction, historical and descriptive, 
7, 8, 9. 


Lamé, 7. 
Lamé’s functions, 12, 59. 
Laplace, 7. 
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Laplace’s coefficients, 12, 51. 
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Venable’s Methods and Devices for Bacterial Treatment of Savage . .8vo, 
Ward and Whipple’s Freshwater Biology. (In Press.) 
Ware’s Beet-sugar Manufacture and Refining. Vol. I.................8vo, 
oP s “ S gu Mol LD See oe create tee OVOs 
Washington’s Manual of the Chemical Analysis of Rocks................-8vo, 
FiWeavers Military. > xplostviesy. caste cet eles enka terasteea eelel aie ieaeat 8vo, 
Wells’s Laboratory Guide in Qualitative Chemical Analysis. . A . .8vo, 
Short Course in Inorganic Qualitative Chemical Analysis for Engineering 
Studerttssst csc tsrete sisccersteneie cles snchaue APRN RECT AS Remake 12 
Text-pookiof Chemical AritHimetic.cccmectececionsia ore rer a tatele ele aie ae 
Whipple’s Microscopy of Drinking-water.........-...--.-++++++++++-+--8V0, 
Wilson’s Chlorination Process.............+.+0+ BDO Sa Griacde. ao DU o 12mo, 
CyanidesProcessesifa cn. shatsrroenersie ete ar etre ola sraietereecia a ckcnatehe ts calstalet= 12mo, 
Wnton’s Microscopy of Vegetable Foods..... ROI con! Hendin Meio Gig 8vo, 


Zsigmondy’s Colloids and the Ultramicroscope. PoAiexandecs . Large 12mo, 
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BRIDGES AND ROOFS, HYDRAULICS. MATERIALS OF ENGINEER- 


ING. RAILWAY ENGINEERING. 


* American Civil Engineers’ Pocket Book. (Mansfield Merriman, Editor- 


EfreChiiebsy eRe FS ae cea el pire al cps ese rebar ea ae cle nee ey ae 16mo, mor. 
Baker’s Engineers’ Surveying Instruments......... 4 .12mo, 
Bixby’s Graphical Computing Table.. £0 Panes 19% x 244 inches. 
Breed and Hosmer’s Principles and Practice of iSanveyane! Vol. I. Elemen- 
tAarys SUEVEYING tes ae cae he la te a eee en ore oer ee een ae ee 8vo, 
Vol. II. Higher Surveying.. sme OVOE 
* Burr’s Ancient and Modern Engineering ane the. Isthmian Canal Searkee 8vo, 
Comstock’s Field Astronomy for Engineers. . tie wh Te. Worave eustnte .8vo, 
* Corthell’s Allowable Pressure on Deep Foundations: ee or Pero Oa ice 
Crandall’s Text-book on Geodesy and Least Squares.................. 8vo, 
Davis's Blevation*andiStadia Dablese ic. <<) tcp-jate ree torote reise a) see sey 8vo, 
Elliott’s Engineering for Land Drainage.. afataiduebreia) areola ene aren ere eco s 
* Fiebeger’s Treatise on Civil Engineering. . ghefa oles Sera: Pane ROOM 
Flemer’s Photographic Methods and ractrareeatas cacdatcalehel seater Te OO ROR 
Folwell’s Sewerage. (Designing and Maintenance. if Sigil sWeiGlale dra ee OOS 
Freitag’s Architectural Engineering: o..s.t..scce oe see es oe ewe me see Se VOs 
French'and' [vesisastereotomy:.a-soeek settee eon Seer eee 8vo, 
Goodhue’s Municipal Improvements. . 7. e k2moy 
* Hauch and Rice’s Tables of Quantities: oie Becaace Bstimatess: .12mo, 
Hayford’s Text-book of Geodetic Astronomy...........-.0e+e+eeeeeee 8vo, 
Hering’s Ready Reference Tables (Conversion Factors.) .......... 16mo, mor. 
Hosmer’s Azimuth.. Roe site dalcise agente te tral OLIO SO 
* Text-book on Practical Astronomy DO DR eo ahvrerci vvarate icin Mite Buena 8vo, 
Howe's Retaining Walistor Bartlay. sects sec sete eases ce ete eres 12mo, 
* Tves’s Adjustments of the Engineer’s Transit and Level....... 16mo, bds. 
Ives and Hilts’s Problems in Surveying, Railroad Surveying and Geod- 
Oa PRIORI CENT ere arenes Mee cio Sei et Gena ane 16mo, mor. 
* Johnson (J.B.) and Smith’s Theor; and Practice of Surveying. Large 12mo, 
Johnson’s (L. J.) Statics by Algebraic and Graphic Methods............ .8vo, 
* Kinnicutt, Winslow and Pratt’s Sewage Disposal................... 8vo, 
* Mahan’s Descriptive Geometry. . ae Sake soy 8vo, 
Merriman’s Elements of Precise Surveying and) Geodesy: oe eee a ’. .8Vvo, 
Merriman and Brooks’s Handbook for Surveyors.............. 16mo, mor. 
Nugent's Plane Surveying cocrrc crcts oe oe trelere ciccelshe etcetera coer Ie eee 8vo, 
Ogden’'s Sewer! Constriactionec: se cawc cece ccemetana s secterat sheet el ate ON 
Sewer Destaae ci. oc hibdeleiec, Mete oie oo aneac o rer oer cr airs hes ene Pee 
Parsons’s Disposal of Municipal Reéfuise:: al gen tae are ey 
Patton’s Treatise on Civil Engineering................-. 8vo, half aun 
Reed’s Topographical Drawing and Sketching................0..e00ee 4to, 
Rideal’s Sewage and the Bacterial Purification of Sewage...... -8vo, 


Riemer’s Shaft-sinking under Difficult Conditions. (Corning and Pesle: ).8vo, 
Siebert and Biggin’s Modern Stone-cutting and Masonry...... pe a 8vo, 
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Smith’s Manual of Topographical Drawing. (McMillan.)............... .8vo, 
Soper svAiniand Ventilation of SUbWAYSis.a-eieisic erie oofeeicie vices oes 12mo, 
* Tracy’s Exercises in ee aartatetal alee shanisterchelan Alel ee a iereNeNelinge 12mo, mor. 
Tracy’s Plane Surveying.. net ite vse ee LOmo, mor 
* Trautwine’s Civil Pngitieer’s Ss Bocker book Ratchet svelcisie olen OIMOn mor, 
Venable’s Garbage Crematories in America. Bid Ons ousteNre 
Methods and Devices for Bacterial Treatment of Sewage. aes ctehae 8vo, 
Wait’s Engineering and Architectural Jurisprudence.. DOR ORZSES BLO oN cay 
Sheep, 
WA WHOL CONCEACES amin teers ouaree Te eaten aCe Ureactatcnals ls cleus ces nes 8vo, 
Law of Operations Preliminary to Construction in Engineering and 
JG) GW AS CLRDDY SE any, AA BMA cert AED Sen ie ene PRA IE cae ee ee eat 8vo, 
Sheep, 
Warren’s Stereotomy—Problems in Stone-cutting.. * .8vo, 
* Waterbury’s Vest-Pocket Hand-book of Mathematics. toe. Aaihoors 
2% X52 inches, mor. 
Pularsed Mdition wncludisemPabless .. +2.c slelee i efeeteemnetnies « mor. 
Webb’s Problems in the Use and Adjustment of Engineering Instruments. 
16mo, mor. 
Walson:s! Dopographic | SUrveying: .. csc ewe cs css chels pelsiecee Quiet eee 8vo, 
BRIDGES AND ROOFS. 
Boller’s Practical Treatise on the Construction of Iron Highway Bridges..8vo, 
cebhamesvRivierv brid gescr site cate cen One emotes chet Oblong paper, 
Burr and Falk’s Design and Construction of Metallic Bridges.......... &vo, 
Influence Lines for Bridge and Roof Computations.................. 8vo, 
Du Bois’s Mechanics of Engineering. Vol. II............. -Small 4to, 
Foster’s Treatise on Wooden Trestle si aes MMe. tants. Cae aaa Be atos 
Fowler’s Ordinary Foundations... 2 Uitte nant citag aaa aes 
Greene’s Arches in Wood, Iron, Fal cione BUNS asncliahcle ce aay cdo tO ER GTE 1c SIO VIO 
PTE POE EUSSES steve ole tessotseeeeeice cl oleae nen te Malic /otesetvastcuscacd inc lewe noire totes 8vo, 
Roof Trusses. . j ais tigcrepnae) scale Os lagseerere ate SOMOS 
Grimm’s Secondary Stresses,i in Aue cstese: ; . .8vo, 
Heller’s Stresses in Structures and the Accompanying Metormancucs =. 8Vvo, 
Howe’s Design of Simple Roof-trusses in Wood and Steel.. Saetel st sia _.8vo. 
SymimetwncaluMasontysArGMess sca. shicies sloqatels) ccs ciislaveie 1 feehave se etec a atale 8vo, 
MIMPeATISCROMMATCILES sae ciate crurabshetencuaeistalevene ae saia cuetene tol availed aimiete ahs 8vo, 
POEACSON GS He aten Ginger MOeSlON . kictascestvenotattretunn muane Sak ore) oto teh dhe tie hee 8vo, 
* Jacoby’s Structural Details, or Elements of Design in Heavy Framing, 8vo, 


Johnson, Bryan and Turneaure’s Theory and Practice in the Designing of 


Modern Pram ednstriactures.cmercc ctetents here ce inie cvetalere ene Small 4to, 
* Johnson, Bryan and Turneaure’s Theory and Practice in the Designing of 
Modern Framed Structures. New Edition. PartI......... 8vo, 
a ar tellt me Newer sition nn ckcCocsia ieee ere ere eke era sfenciciie otters ious ete 8vo, 
Merriman and Jacoby’s Text-book on Roofs and Bridges: 
Part Ue OELESSES) NY OLIDI] TUSSESaciaseisie a= custeuslelelebsin + eisyslaaleldva ote 8vo, 
ALCP EM GLAD AICOLATICS <hr> cnetracie ni crs cosa el Meteas= eter ene aieprie so ePaper ate 8vo, 
Parcel ame Pe INEST EN ye raat a seneiape nok peetetere iene! sraticl @ ates’ orel car anets 8vo, 
Pari Ver Higher Striic lures: sy. xcachcuie cuir vsti f clsde aieids es Sievers 8vo, 
Sondericker’s Graphic Statics, with Applications to Trusses, Beams, and 
IG OUTS AR AO SMCs A EEO ILO OOO ROR CTIA Oct Mau MR RCI are ENG 8vo, 
Waddell’s De Pontibus, Pocket-book for Bridge Engineers....... 16mo, mor. 
Specifications tor Steel Brid Sesindac sc cercitie > ot wi sleloite (o's ee cule 12mo, 


Waddell and Harrington’s Bridge Engineering. (In Preparation.) 


HYDRAULICS. 
Barnes's Ice Formation.. BE 0) Recah CISC SRE. CRC SER ACCS RLFC Fea ...8Vvo, 
Bazin’s Experiments pon the ‘Contraction of ike ace Vein Issuing from 
an Orifice. (Trautwine.).. SRO TNOTEDE cane EC oe oS . .8vo, 
Bovey’s Treatise on Hydraulics. . ete eave, 


Church’s Diagrams of Mean Velocity. 6k Water 4 in aOpen' Cheadelse! 
Oblong 4to, paper, 
Piydralic Motors ycivesc.cs esis soles a sje SGOT ES a aldy os ae Soy att BOVOS 
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Coffin’s Graphical Solution of Hydraulic Problems............ -16mo, mor. $2 50 


Flather’s Dynamometers, and the Measurement of Power........-..-. 12mo, 
Folwell’s Water-supply Engineering, .-.5...--- esses e creer cesses eg 8vo 
Eirizellis? Water power. 4- puter <clha a siete aul vinlietels c/s ieieusie tones sefells olga alpine 8vo, 
Putertes’s’ Water and, Public Health... 5. <cc¢ 0%. «© wo ss ciclo sicte ms ~2 + L2mo, 
Water: filtration W OL sy saconekieteuncete ail these cheletannicio Meet ttcnenammety gaete 12mo, 
Ganguillet and Kutter’s General Formula for the Uniform Flow of Water in 
Rivers and Other Channels. (Hering and Trautwine.)....... 8vo, 
Hazen’s Clean Water and How to Get It........... Benak sas et ok 12mo, 
Filtration of Public Water-supplies. . wreis Bier sie tetetrea te .8vo, 
Hazelhurst’s Towers and Tanks for Water-works. . .Svo, 
Herschel’s 115 Experiments on the Carrying Capacity of tae Riveted: Metal 
SOD GULE Se oe Ee eke ae se age tole eid austin onetaa eiaie cae Lehe nel ar etena ves oeeee 8vo, 
Hoyt and Grovers River Discharger. nem. clots eters ecaeralleve ats aletaislsiatalaietels 8vo, 
Hubbard and Kiersted’s Water-works Management and Maintenance. 
8vo, 
* Lyndon’s Development and Electrical Distribution of Water Power. 
8vo, 
Mason’s Water-supply. (Considered Principally from a Sanitary Stand- 
DOME) eee y aad ctarsvs) ecehekclerel el el kalonenlelakt Reker eiatehete tia tel eter ete tenets 8vo, 
Merriman’s Treatise on Eydraukes « By, Aa ne, Oe res 2h 
* Molitor’s Hydraulics of Rivers, Weiss, anal Siuices. Ldlaieiclis fever baatdvecte siete 8vo, 
* Morrison and Brodie’s High Masonry Dam Design.......,..... = OO} 
* Richards’s Laboratory Notes on Industrial Water Analysis.......... 8vo, 
Schuyler’s Reservoirs for Irrigation, Water-power, and Domestic Water- 
supply. Second Edition, Revised and Enlarged....... Large 8vo, 
* Thomas and Watt’s Improvement of Rivers............-eseeeeeeees Ato, 
Turneaure and Russell’s Public Water-supplies. . ‘ eee 
* Wegmann’s Design and Construction of Danis. 6th Ed, fendatacds oO, 
Water-Supply of the City of New York from 1658 to 1895 Eksp oes ae 
Whipple’s. Value of Pure Water.............-+04- Fe OSE ition Large 12mo, 
Williams and Hazen’s Hydraulic Tables..............-200- oifepeherehayses 8vo, 
Wilson’ssirriga tions Pneineerin giccecniscao siete siete cist gcateloral aia les Rnreetete ae oes 
Wood’syDurbinies: Moc rkccmct ct cards devs ole ofelosthemeuevp she ciameperohect stern pietetenete . -8Vo, 


MATERIALS OF ENGINEERING. 


Baker's Roadsand«PanvementsSiny- is creiiaisiete te erereieisiereieieions ves a e(elstataniornrens 8vo, 
Treatiselon#Masonry Conmstructionsact: 4. + sites «ern aiomete suaieleie siete 8vo, 
Black’s United States Public Works. . = Bree . Oblong 4to, 


Blanchard’s Bituminous Roads. (In Preparation: Se 
Bleininger’s Manutactureof Hydraulic Cement. (In Preparation.) 


* Bovey’s Strength of Materials and Theory of Structures................ 8vo, 
Burr’s Elasticity and Resistance of the Materials of emacs . .8vo, 
Byrne’s Highway Construction. . 5 a See AOY 
Inspection of the Materials and ‘Worlsnanchin, Employed i in nGonetrhe tion. 
16mo, 
Church's! Mechanicsiof Engimeeringy ccc. cedeene sslcsles sors aicle aisieenes Rieiere 8vo, 
Du Bois’s Mechanics of Engineering. 
Voke 2. KinematicsStatics, hanetioge <tc cisiieiciste sare seaioenate Small 4to, 
Vol. II. The Stresses in Framed Structures, Strength of Materials and 
Theory OL PLEKULE|S Vj wercev siete e «stale mer tmaie aie reeasier terre Small 4to, 
* Eckel'si\Cements, Limes,.and) Blasters... 2. 1. » aueisters « ceive ecieerereirele 8vo, 
Stone and Clay Products used in in Baeinesting. (In Preparation.) 
Fowler’s Ordinary Foundations. . mjarcie Ralateeinga ighe siglo svehevarelcivencta teParerreae 8vo, 
* Greene’s Structural Mechanics. .......sscsesseeesecseeces, .8vo, 
* Holley’s Lead and Zinc Pigments. . Pinte 3 elation reumicined a arareera cLarka 12mo, 
Holley and Ladd’s Analysis of Mixed Patats: Color Pigments and Varnishes. 
Large 12mo, 
* Hubbard’s Dust Preventives and Road Binders. elalaxsuaveienceciwrais 8vo, 
Johnson’s (C. M.) Rapid Methods for the Chemical al Analysis 0 of aicens Steels, 
Steel-making Alloys and Graphite.. Bs ak Pa 5 12mo, 
Johnson’s (J, B.) Materials of Construction............... . Large 8vo, 
Keép's' Gast [rome cto sents osreb ietsiye eisrelince evete ra ad eee ee 
Lanza’s Applied Mechanics..i)..0. 605 esis ecedie os Se rarstelore ORO .8vo, 
Lowe’s Paints for Steel Structures.............. Be Sor S Namo H 12mo, 
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Maire’s Modern Pigments andithein Vehicles: 01.60: soos eee ee, 12mo, 


Namen sMechnicaliMechaniosisenantore ie ba tresbale decease aoa Me: 8vo, 
Merrill's Stones; for Building and Decoration../0.....0.c.0.0+-c-n sens 8vo, 
Merriman's Mechanics of Materials xncusccm s1stbaca ihc.) cel elt ciesncle So 8vo, 
PHS ENOL OL MNOLMNVLALETLA Say tie suai cise cteMike acura Sislec ila see louusnaen eereaetins 12mo, 
Metcalt’s Steel. A Manual for Steel-users..............-..s00¢ bn! Pyesvay, 
Morrison;/sMlishway Engineering s::ia..0sbs sass wccle vielantec nace ADO OB DOSE EN 
Murdock’s Strength of Materials. (In Press.) 
Patton's) Practical, Treatise on Foundations... os... cscu se seers tee 8vo, 
Micersu@oucrere: Block, Mantlactures eiNeurmeisars sic ohne a eae 8vo, 
Richardson’s Modern Asphalt Pavement.. execs Niko) 


Richey’s Building Foreman’s Pocket Book and Ready. Rerorence: Teme: mor. 
* Cement Workers’ and Plasterers’ Edition (Building Mechanics’ Ready 


‘Reference Series) aeccanve suc eilore aleve eke use Given tee ion ees 16mo, mor. 
Handbook for Superintendents of Construction.. os .16mo, mor. 
* Stone and Brick. Masons’ Edition (Building Mephanios’ Ready 
Reference!Series)castaae sees Sais creas melee s sees 16mo, mor. 
* Ries’s Clays: Their Occurrence, Properties, and Uses.. : .8vo, 
* Ries and Leighton’s History of the Clay-working Industry of he Waited: 
SLATES ae Eee RA telat SET ee ee PE Oe 8vo. 
Sabin’s Industrial and Artistic Technology of Paint and Varnish....... -8vo, 
mRUAIGS SLrength- OL, Material. ots.icla ica civlowteid sie Sie tibiae meet 12mo 
HSUOW LS eeatinGIpal SpPEciessOl WOO ss vis;dejscchs Clacistel ho see lttests Siete nia oe SERVOS 
Spalding sMawcmaiulics Comenites ents cs a cseinne see ease ati saneieh er © Stee ais 12mo, 
Text-book on Roads and Pavements.. , Seni sieseoron 
* Taylor and Thompson’s Extracts on Reinforced Concrete: Desion Ae 8vo, 
Treatise on Concrete, Plain and Reinforced..................0005 8vo, 
Thurston’s Materials of Engineering. In Three Parts.. . .8vo, 
Part I. Non-metallic Materials of Engineering and PMetalturey . .8vo, 
Part II. Iron and Steel.. tle .8vo, 
Part III. A Treatise on Brasses, iBronzes; varia Other Alloys: Piesl their 
Conse Purerle sie eter he ee eae area an) eae a tO tg Seen eS 8vo, 
Tillson’s Street Pavements and Paving Materials..............---05- 8vo, 
* Trautwine’s Concrete, Plain and Reinforced’..................0005 16mo, 
Turneaure and Maurer’s Principles of Reinforced Concrete Construction. 
Second Edition, Revised and Enlarged...............000.-- 8vo, 
Waterbury’s Cement Laboratory Manual...............0secese0e08 12mo, 
Wood’s (De V.) Treatise on the Resistance of Materials, and an Appendix on 
theyPreservation on Dim bet. o-.ls Siarciele sees eles elton s se siete 8vo, 
Wood's (M. P.) Rustless Coatings: Corrosion and Electrolysis of Iron and 
SESSLER Sah riche sadatecate co ater ovens arecn noe aol catare hahe te atarat eee SoSteructed 8vo, 


RAILWAY ENGINEERING. 


Andrews’s Handbook for Street Railway Engineers....... 3 5 inches, mor. 
Berg’s Buildings and Structures of American Railroads...... Satathictl > .-4to, 
Brooks’s Handbook of Street Railroad Location................16mo, mor. 
Burt’s Railway Station Service...... OE ir ieee Sees “da P Press.) 12mo, 
Butts’s Civil Engineer’s Field-book.. : AeA .16mo, mor. 
Crandall’s Railway and Other Earthwork Tables. . PEs th .8vo, 
€randall and Barnes's Railroad Surveying... ....:.....-+2+-. 166x0. mor. 
* Crockett’s Methods for Earthwork Computations..............+-45. 8vo, 
Dredge’s History of the Pennsylvania Railroad. (1879)................ Paper, 
Fisher’s Table of Cubic Yards.. .Cardboard, 


Godwin’s Railroad Engineers’ Field- book aad Explore "Guides 16mo, mor. 
Hudson’s Tables for Calculating the Cubic Contents of Excavations and Em- 


SDENaD Sass NUS HATH HG HIGH CHES ol DMS a AIRED oR OREO os Ai a nae ea 8vo, 

Ives and Hilts’s Problems in Surveying, Railroad Surveying and Geodesy 
16mo, mor. 
Molitor and Beard’s Manual for Resident Engineers.................16mo, 
Nagle’s Field Manual for Railroad Engineers............-- ....16mo, mor. 
* Orrock’s Railroad Structures and Estimates........ Neha Melehe pte iehers ores tas 8vo, 
Philbrick’s Field Manual for Engineers........... Stooh etek ....-.16mo, mor. 
Raymond’s Railroad Field Geometry............ssceeerereees 16mo, mor. 
Elements of Railroad Engineering.............00s0ccercenvecwes 8vo, 

Railroad Engineer’s Field Book. (In Preparation.) 

Roberts rack Pormule and Laplesm. .).salanaie sis ec wists slcinieys ele 16mo, mor. 
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Seéarles's MreldyBngineering cuss © « o eouckale cheeses ele ete avert iteerete ais 16mo, mor. $3 00 


Railroad Spiral. . wei SG 6 sti apennve seis OO, MOL. 
Taylor’s Prismoidal Rone nd Bartawork,, ne .8vo, 
* T-autwine’s Field Practice of Laying Out Circular ‘Curves for “Railroads. 

12mo, mor. 

* Method of Calculating the Cubic Contents of Excavations and Em- 

bankments by the Aid of Diagrams................ .8vo, 

Webb’s Economics of Railroad Construction.............. _ Latse act 
Railroad Construction. . .16mo, mor. 

Wellington’s Economic Theory ‘of ‘the. location of Railways. Pees «Large 12mo, 

Wilson’s Elements of Railroad-Track and Construction... Medes .12mo, 

DRAWING 

Bart's Kinematics or Machineryitanesletstnia siete) sheteis ounersis easiest OMOn 

* Bartlett’ s Mechanical Draven BOO At cae Me ODS OE aC 8vo, 

* cS Abridged Ed.. Ce ROR TA MAO 

* Bartlett and Johnson’s Engineering Descriptive Poometay: soPibe eaves cnagers 8vo, 

Goolidge's- Manual of Drawing: isis cher oe alte eee sites ese eee 8vo, paper, 

Coolidge and Freeman's Elements of General Drafting for Mechanical Engi- 

SALLE) Re rae RISE Ceceds i Mee ey Ph Cr, EMERG cit Gone eaeK Beco Goeiere Boe Oblong 4to, 

Dusley’s Kinemates ot Machines’: cc cte s.esa.a aiave.tneiricucisieiete hasta times 8vo, 

Emch’s Introduction to Projective Geometry and its Application...... 8vo, 

Hill’s Text-book on Shades and Shadows, and Perspective ............-. 8vo, 

Jamison“s Advanced Mechanical Drawing...........0..0.seceecsres 8vo, 
Blements of Mechanical! Drawings accor coterie loeicie erent 8vo, 

Jones’s Machine Design: 

Part I. Kinematics of Machinery.. . shy siaishe rte thet SVOS 

Part II. Form, Strength, and Proportions ‘of Pact hie ce A OMOy 
Kaup’s Text-book on Machine Shop Practice. (In Press. sat 
Fikampall and. Barr's Machine Design. cris cle eis Gere maieieia ine ctr 8vo, 
MacCord’s Elements of Descriptive Geometry............+2--++e-0:: 8vo, 

Kinematics: or, Practical Mectianisnit: 5 ees.) asin cee Or 

Mechanical Drawitigeic neaciach nace cits Oe hol exch dherole ee taitcree stearic ECON 

VoelocityvaDiagranis: croc. .« seueetite:siarene) ahelaveistenee  Sieuensant panei eke Race 8vo, 
MeLeod’s) Descriptive! Geometry sccec csc. crit cvs cosietelonshe ehh ateneice Large 12mo, 
*: Mahan's Descriptive-Geometry and Stone-cutting.............+++--- 8vo, 

industriall Drawings oChhompson.)s..te esc secer ese choice Sere deine ees 

Moyer’s Descriptive Geometry... ) Stetstacahetare ata: slchons aastaten se SMOR 

Reed’s Topographical Drawing and Sketching, ACRE SR PED BCD cbTomtO, 55, 4to, 

* Reid’s Mechanical Drawing. (Elementary and Advanced.).......... 8vo, 
Text-book of Mechanical Drawing and Hema Machine Design..8vo, 

Robinson’s Principles of Mechanism. . 3 alfei MaueusiStest a Br’e, ook neicnea she 8vo, 

Schwamb ani Merrill’s Elements of Mechanism... MASA OCR Oat cect KON 

Smith (CAZ W,) and Marx’ssMasisine: Design. \. a: ccs:seo ae cies ereleleleieeiacier 8vo, 

Smith’s (R. S.) Manual of Topographical Drevice “(MeMillan. Dice ace 8vo, 

* Titsworth’s Elements of Mechanical Drawing.............-. Oblong 8vo, 

Tracy and North’s Descriptive Geometry. (In Press.) 

Warren’s Drafting Instruments and Operations..........-0.0.0e00- 12mo, 
Elements of Descriptive Geometry, Shadows, and Perspective...... 8vo, 
Elements of Machine Construction and Drawing. . Bene ANO} 
Elements of Plane and Solid Free-hand Geometrical Daawine f .12mo, 
General Problems of Shades and Shadows...............eesee00- 8vo, 
Manual of Elementary Problems in the Linear Perspective of Forms and 

SHAW. scatoisinnnie tar mearwere sen hve fMapeaeeaa eteaereeke agua cds 12mo, 

Manual of Elementary Projections rawine. cis anrreeteereere cae? 12mo, 

Plane Problems in Elementary Geometry.. de Se .15mo, 
Weisbach’s Kinematics and Power of Transmission, ‘Gilecment and 

FStlei:) ine sesneoneiac Rube, © orace « tatete ceeeusselentuctovles dekareetnnrs etorpiareis cietcterens &vo, 

Wilson's (H. M.) Topographic Surveying. .Laaieheuars’s ja raquretersrartaviels etcnater ek ieatee 8vo, 

* Wilson's (V. T.) Descriptive Geometry......... Setanta Oia eeasieks Sle: cme 8vo, 
Free-hand Lettering.......... AOS ORO CHOU hoctamio. ciate © Hees eVOs 
Free-hand Perspective. . * yao, sTaleveie oecarctee riots Fal ace laauctere cic OVOS 

Woolf’s Elementary Course in n Descriptive Geometty....... ....Large 8vo, 
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ELECTRICITY AND PHYSICS. 


* Abegg’s Theory of Electrolytic Dissociation. (von Ende.)......... 12mo, $1 
Andrews’s Hand-book for Street Railway Engineering.....3 5 inches, mor. 1 
Anthony and Ball’s Lecture-notes on the i mgeet of Electrical Measure- 
ments.. A sr2mo, 1 
Anthony and Brackett’s s “Pext- rok of Physics. “(@Mlagie. ie “ih ares 12mo, 3 
Benjamin sublistoryrol Blectracityae cas «cisiiare © « elers/a-cie)s + balers farses. seaedee 8vo, 3 
Betts's: Leads Refining and Blectrolysis.e yc4..ntc 0 vle ccs oe ole ce ere nobde s 8vo, 4 
Classen’s Quantitative Chemical Analysis by Electrolysis. (Boltwood.).8vo, 3 
* Collins’s Manual of Wireless Telegraphy and bate sietetaters/snctonene 12mo, 1 
Crehore and Squier’s Polarizing Photo-chronograph...............+.+..-8v0, 3 
* Danneel’ s Electrochemistry. (Merriam.).. a ychousd epoaioya ral | 
Dawson's " Engineering’’ and Electric Traction Pocket- book! -16mo, mor. 5 
Dolezalek’s Theory of the Lead Accumulator (Storage Battery). (von Ende.) 
12mo, 2 
Duhem’s Thermodynamics and Chemistry. (Burgess.)................8vo, 4 
Flather’s Dynamometers, and the Measurement of Power............ 12mo, 3 
* Getman’'s Introduction to Physical Science. ........... Risatore ban tata 12mo; 71 
Gilbert's-De Mapnete: > (Mottelay.) so. cstete.nc vee oe eae he eres bios oe SVOn, 2 
* Hanchett’s Alternating Currents. . a ikvars ove ete 3 eo tel 
Hering’s Ready Reference Tables (Conversion Factors). a eveveee estes 16mo, mor. V2 
* Hobart and Etlis’s High-speed Dynamo Electric Machinery.......... Sve, 6 
Holman-s.Precision of Measurements: <<) siccic.0 4 octac epee ores. c value wie 6.088 8vo, 2 
Telescopic Mirror-scale Method, Adjustments, and Tests....Large 8vo, 
* Hutchinson’s High-Efficiency Electrical Illuminants and Illumination. 
Large 12mo, 2 
Karapetoft’s Experimental Electrical Engineering: 
Wile Gli nite epee ees pet aiinyisticueh cote mare oh cay oe ee weet ifeh en et gasteeniitiia sete aot BvO, —5 
sSPAVCGY Lea i Gigs Weep era Seca, eecice iG NOPE OR Ae ar AOS ee I eB 8vo, 2 
Kinzbrunner’s Testing of Continuous-current Machines............... 8vo, 2 
Wandatier's spectrum pAsaiysis..  CLinglen): secs eleieacens nfo wees ols elec elec 8vo, 3 
Le Chatelier’s High-temperature Measurements. (Boudouard—Burgess.) 
12mo, 3 
Loéb’s Electrochemistry of Organic Compounds. (Lorenz.).............. 8vo, 3 
* Lyndon’s Development and Electrical Distribution of Water Power..8vo, 3 
* Lyons’s Treatise on Electromagnetic Phenomena. Vols, I.and II. 8vo, each, 6 
* Michie’s Elements of Wave Motion Relating to Sound and Light..... 8vo 4 
Morgan’s Outline of the Theory of Solution and its Results.......... 12mo, 1 
* Physical Chemistry for Electrical Engineers.................- 12mo, 1 
* Norris’s Introduction to the Study of Electrical Engineering......... 8vo, 2 
Norris and Dennison’s Course of Problems on the Electrical Characteristics of 
Circuits and Machines. (In Press.) 
* Parshall and Hobart’s Electric Machine Design........... Ato, half mor, 12 
Reagan's Locomotives: Simple, Compound, and Electric. New Edition. 
i Large 12mo, 3 
* Rosenberg’s Electrical Engineering. (Haldane Gee—Kinzbrunner.)..8vo, 2 
Ryan, Norris and Hoxie’s Electrical Machinery. Vol. I................8vo, 2 
Schapper’s Laboratory Guide for Students in Physical Chemistry..... 12mo, 1 
AMiliman suetementary, LESSONS: ELEAbiAs clue! cicisl ais aicreisile ate oe aceselats, ots 8vo, 1 
*Mmble s wiements Of FICCtriGhty vo)... are ele ps 21h OXw suse werd te e's Large 12mo, 2 
Tory and Pitcher’s Manual of Laboratory Physicee DG Gee ao Large 12mo, 2 
Uike’s Modern Electrolytic Copper Refining..............0005 es 8vo, 3 
Waters’s Commercial Dynamo Design. (In Press.) 
LAW. 
* Brennan’s Hand-book of Useful Legal Information for Business Men. 
16mo, mor. 5 
* Davis’s Elements of Law.. Bale einvel eles a amare OVOD Cie 
* Treatise on the Military. ae if United istates he aeons ee ee 8vo, 7 
* Dudley’s Military Law and the Procedure of Courts-martial..Large 12mo, 2 
Wanda litor Counts-martializcimmis acchemyersie cislevefalt« « wisus eis eyeis ste 16mo, mor. 1 
Wait’s Engineering and Architectural Jurisprudence...................8vo, 6 
Sheep, 6 
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Wait’siWaw oll Contracts:.:ceagea es eieielea es te = erates eta oieie) tes Romeo cere 8vo, $3 


Law of Operations Preliminary to Construction in Engineering and 


"Architecture. sc. apie ceo = Lowen ra gd sharreaslente ce Ficleiacn ew eA aia taken 8vo, 
Sheep, 

MATHEMATICS 
Baker’s Elliptic Functions........ Serek ora Sastre cae TON OE 
Briggs’s Elements of Plane Analytic Geonietty: " (Bécher.) Slareume atenrre 12mo, 
* Buchanan’s Plane and Spherical Trigonometry............++--++++-- 8vo, 
Byeriv’s Hatmonic Functions errs y--clter ole wtalonere este yei-iele eel inten ele arta 8vo 
Chandler’s Elements of the Infinitesimal Calculus...............-..- 12mo, 
ExCo fhm say CCCOLPANAIV SISters Merhatalehele ree: eran ole or essiteter ete real ae leneverencne 12mo, 
Compton’s Manual of Logarithmic Computations.............-.+.+- 12mo, 
A*Dieksoms College Algebra. -). os wiclsists 2 euslclelausViree-eaielsielere'e's, © Large 12mo, 
* Introduction to the Theory of Algebraic Equations...... Large 12mo, 
Emch’s Introduction to Projective Geometry and its Application...... 8vo, 
Biskelssbtnctions ofa Complex, Varlaples austere) cites) te alereisfel vatnice veretareiete 8vo, 
Halsted’s Elementary Synthetic Geometry............20.0e eee eeeee 8vo, 
Elements oti Geomete ys seicieescsrieis stole cic oneictonelel akehete wieie eamvelenehe arate 8vo, 
Rational, GeCOMetryis ete crore oie skeie ebebelatel evel cod aaa Shela she iohs Wie aatiersers 12mo 
Synthetic Projectivie Geometr yn cia c/qe atta aie tereroie cick seis omien tena 8vo, 
* Hancock’s Lectures on the Theory of Elliptic Functions............ 8vo, 
Hyde's Grassmann SiopacecAnalysisanjmia crisis. ache) big ehe ele leetel ue stal eae 8vo, 


* Johnson’s (J. B.) Three-place Logarithmic Tables: Vest-pocket size, paper, 


* 100 copies, 

* Mounted on heavy cardboard, 8 X 10 inches, 

* 10 copies, 

Johnson’s (W. W.) Abridged Editions of Differential and Integral Calculus. 
Large 12mo, 1 vol. 

Curve: Tracing in Cartesian Co-ordinates. «<2 0..< <0, ccs eines 12mo, 
Differential) Piqua bionic etaecietert cck-reietel ar cuallerelsteragerarerakciarcyers tetera atten: 8vo, 
Elementary Treatise on Differential Calculus..............Large 12mo, 
Elementary Treatise on the Integral Caiculus............ a 12mo, 
* Theoretical Mechanics. Be Fie eoe -12mo, 
Theory of Errors and the “Method oe Least Saaaee) Sa TARTS 12mo, 
Treatise on Differential Calculus... 00. 2.0002 - 0 ne sie . . Large 12mo, 
Treatise on thetinterral Calewlas.. wero: = cee oie ereicie einioee Large 12mo, 


Treatise on Ordinary and Partial Differential Equations. ..Large 12mo, 


Karapetoff’s Engineering Applications of Higher Mathematics. (In Preparati 


Laplace’s Philosophical Essay on Probahilities. (Truscott and Emory.) .12mo, 
* Ludlow’s Logarithmic and Trigonometric Tables. .................. 8vo, 
* Ludlow and Bass’s Elements of Trigonometry and Logarithmic and Other 
HN 2] Gos el eee ee ort Belt a arae aco Uh Obes Gad coc! Sea AE oles 8vo, 

* Trigonometry and Tables published separately. .............. Each, 
Macfarlane’s Vector Analysis and Quaternions. .................0008 8vo, 
MeMahon’s, Hyperbolic iH unetionss <i. < -ofenarore-u'e seleleva «4 sicieisss eo cleiete etl ors 8vo, 
Manning's Irrational Numbers and their Representation by Sequences and 
SOL GGe" oi), crapsandin oeovageter carrie lst Ua a otaeaTc SPATE fatoye Soa eee ema ..12mo, 
Mathematical Monographs. Edited by Mansfield Merriman and Robert 
Sis MVOOGLWALCL fo, o ete ue scusut oveheke ora Cus ieee Mae Ree eat Octavo, each 


No. 1. History of Modern Mathematics, by David Eugene Smith. 
No. 2. Synthetic Projective Geometry, by George Bruce Halsted. 
No. 3. Determinants, by Laenas Gifford Weld. No. 4. Hyper- 
bolic Functions, by James McMahon. No. 5. Harmonic Func- 
tions, by William E. Byerly. No. 6. Grassmann’s Space Analysis, 
by Edward W. Hyde. No. 7. Probability and Theory of Errors, 
by Robert S. Woodward. No.8. Vector Analysis and Quaternions, 
by Alexander Macfarlane. No. 9. Differentiat Equations, by 
William Woolsey Johnson. No. 10. The Solution of Equations, 
by Mansfield Merriman. No. 11. Functions of a Complex Variable, 
by Thomas S. Fiske. 


Maurer's: Technical Méchanics, “Wc. .clsuie cess cicle le tober dorstre tere 8vo 
Merriman’s Method of Least Squares. ......... Rite sree Porte 8vo 
Nolutiontot Equationsiun cesses a eects POO DO rs eooe Coe 8vo 
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* Moritz’s Elements of Plane Igonometry deste sore ee ce eae 8vo, 
Rice and Johnson’s Differential and Integral Calculus. 2 vols, in one. 
Large 12mo; 


Elementary Treatise on the Differential Calculus. ........ Large 12mo, 
Smith's History, of Modern Mathematics... . 0. 6. o.5.. cs dee eb ecs 8vo, 
* Veblen and Lennes’s Introduction to the Real Infinitesimal Analysis of One 

WWiariablekS acral sic usie suse Seca elereic, ok Sita sha Re ANS i ic 8vo, 


* Waterbury’s Vest Pocket Hand-book of Mathematics for Engineers. 
2% X 5% inches, mor. 


* Enlarged Edition, Including Pablesi. s<in. ccc «stele clatielne e aete mor. 
Wield’s Determinants: inc ciscm te esacieicisies 6s Sfehatet sadecstterep clas ieee cd snaieesier 8vo, 
Wood’s Elements of Co-ordinate Geometry. .........ccccececeeececs 8vo, 
Woodward’s Probability and Theory of Errors...... 288 Cee aioe Trenaheretrenn 8vo, 


MECHANICAL ENGINEERING. 


MATERIALS OF ENGINEERING, STEAM-ENGINES AND BOILERS. 


HACOMUSMEORLE IE LACLICES wists eicteaia Mcee er eecahe tieieateioe ote el ere Ee 12mo, 
Baldwain:siGteam! Heating tor DAMGINGS sacs ciclac cee sites oelcle ies: 12mo, 
Barr's! Kinematicsioh® Machinery: nic. scjeie ciece cis aioie sw ecelole ole ela peucleaiderats 8vo, 
* Bartlett’ s Mechanical PTA WAT SAPs sclei chess achoraband ators ores ota al Baleee tasers 8vo, 
* s Abridged dieses, etree eee 8vo, 
* Bartlett and Johnson’s Engineering Descriptive Geometry........... 8vo, 
* Burr’s Ancient and Modern Engineering and the Isthmian Canal... .8vo, 
-Carpenter’s Experimental Engineering. ..........0scceccececrsececs 8vo, 
Heatiue and Ventilating, Buildings ict s:. cack aici suleteielc wieder ote 8vo, 
* Clerk's The Gas;-Petroand (Oil Hmpine ac 2,cee1s een ate she weciaiehins dee sO VOS 
Compton’s First Lessons in Metal Working. ..............000eeceee 12mo, 
Compton and De ‘Groodt’s Speed Lathe. . nee ct ee ee eects ees 12mo, 
Goolidge’s Manusal-of Drawing? .)-s..\ cso cele cleo ce ucllsbnessie vols alsa 8vo, paper, 
Coolidge and Freeman’s Elements of General Drafting for Mechanical En- 
PTMCCRS rete tga ce datas Pelieitedonsttcenaayopareiyan ay sh ede) ofa ebvebaweremek Semee tears Oblong 4to, 
Cromwell's: Treatise on Beltssand! Pulleys. )0 0) sete bs oleic ss oe 12mo, 
Wireatise.on Looted (Gearing: ccc) rvicvesie' a olkemie mesons Ce diencletetere 12mo, 
Dingeyis Machinery Pattern. Making.) 22.0.0. 20. ce rieseciin ooeccee sc 12mo, 
Durley’s Kinematics of Machines.........- Batol een tie eee 8vo, 
Flanders’s Gear-cutting Machinery. ...6. (2.0... ccc cecccces Large 12mo, 
Flather’s Dynamometers and the Measurement of Power............ 12mo, 
RODE HD ERVAST EA ern ae Wire pevera tel oh cia ceachantelo=a here elelthorieie apclievatee rave evebateneiete 12mo, 
Gill’s Gas and Fuel Naakyeis foriEneiieers: ascents Sale Oona 12mo. 
EossisiPacomotiver Sparks. ciceit ec costo as sisi gretece cle-ouete Woelee plete Ne lel e's se 8vo, 
Greene’s Pumping Machinery. (In Press.) 
Hering’s Ready Reference Tables (Conversion Factors)........ 16mo, mor, 
* Hobart and Ellis’s High Speed Dynamo Electric Machinery. ........ 8vo, 
lant tosis Grease ancien crite « taeistttevey nied castes n (evel she svatetene nie cic el euesie everete sates 8vo, 
Jamison’s Advanced Mechanical Drawing. ..............:eseeecseees 8vo, 
Blementsor Mechanical) Drawing: 2. «i.)-le1> «sic sialon «yore sine lalels ose 8vo, 
|@HCER CES DINGS Bob Sow phosastonare AO mo octeimet conoedL On trate: 8vo, 
Machine Design: 
Part [2° Kinematics'of Machinery... °.).0.. ste.ceis voice cele ee eieveicaioniee 8vo, 


Part II. Form, Strength, and Proportions of Parts.............8vo, 
Kaup’s Text-book on Machine Shop Practice. (In Press.) 


* Kent’s Mechanical Engineer’s Pocket-Book........... Beeieratera 16mo, mor. 
Kerr’s Power and Power Transmission.......... chodoadtintieecorones 8vo, 
* Kimball and Barr’s Machine Design....... Beer Adore Ae Ooe ance aoe 8vo, 
Leonard’s Machine Shop Tools and Methods. . ............--200-0+ .. 8vo, 
MO rr CESP ED TURUNEN oi er ovojereichever aes cree bona oa! diet «ist ote! Groveler oval snmislees ote valejare 8vo, 
* Lorenz’s Modern Refrigerating Machinery. (Pope, Haven, and Dean)..8vo, 
MacCord’s Kinematics; or Practical Mechanism...............ee000- 8vo, 

Mechanical Drawing.............> Dietelevetoleraversters a's Watievs sere w\e ete Ato, 

Velocity: Diagranisy is cic cui sees + cjiecieoe wee See en ote tenis Katee OVO} 
MacFariand’s Standard Reduction Factors for: Gases acc st tie wan: 8vo, 
Mahan’s Industria: Drawing. (Thompson.). Boe at Mote enahet ate Nese sOVO, 
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Mehrtens’s Gas Engine Theory and Design...............-.-.. Large 12mo, 
Obere’s HandbooksofSmiall Tools cojray sts snensiercl spingel reer a Large 12mo, 
* Parshall and Hobart’s Electric Machine Design, Small 4to, half leather, 
* Peele’s Compressed Air Plant for Mines. Second Edition, Revised and En- 


Jenna Ape ar EPS SHH OG Oo Octo n Soro Oe Soe vid Oo 8vo, 
Poole:s'CalorificePower Of Fiwelssen iri ietars oielehelstalsveretalalslotelere Vener nares rete at 8vo, 
* Porter’s Engineering Reminiscences, 1855 to 1882................-. 8vo, 
* Reid’s Mechanical Drawing. (Elementary and Advanced.).......... 8vo, 

Text-book of Mechanical Drawing and Elementary Machine Design.8vo, 
Rechardsisn Compressed eA ite rec ate speqereievenchel sels tsi sey st otelaloy hele erateiele feted 12mo, 
Robinson’s Principles of Mechanism. 2 ~ «is «0+ secs sv wnsie vee ssa cisieve 8vo, 
Schwamb and Merrill’s Elements of Mechanism. ... ......+--2++++---- 8vo, 
Smith (A. W.) and Marx’s Machine Design... .). 0.65.20 se cecwsenns 8vo, 
Smiths. (O})-Press-workiney Om Metals mcivecusrdentst ceietaeieleaieleterhelelelenaew 8vo, 
Sorel’s Carbureting and Combustion in Alcohol Engines. (Woodward and 

IPreStomls) Memtoreld et ta cnetelele ohauc cis ustszersaatonatels, csepeteketstereie Large 12mo, 
Stone’s Practical Testing of Gas and Gas Meters. ......ssu....--5---- 8vo, 
Thurston’s Animal as a Machine and Prime Motor, and the Laws of Energetics. 

12mo, 

Treatise on Friction and Lost Work in Machinery and Mill Work. ..8vo, 
* Tillson’s Complete Automobile Instructor. ..............0+-.-220- aGaS 
* Titsworth’s Elements of Mechanical Drawing..............- Oblong 8vo, 
Warren’s Elements of Machine Construction and Drawing............ 8vo, 


* Waterbury’s Vest Pocket Hand-book of Mathematics for Engineers. 
23 X5% inches, mor. 


+ Enlarged Edition, Including Tables. om «aie sere cit seit) aleteneisleress mor. 
Weisbach’s Kinematics and the Power of Transmission. (Herrmann— 
Lea testo) enrich AAA eres AIRS ORS EL De ARE toninin Se ten ae 8vo, 
Machinery of Transmission and Goveee (Hermann—Klein.)..8vo, 
Wood's! Muirbines Wetemucctasteeiciiie sue otal suet sualatronasertiogetarisen- tater ESanadeete 8vo, 


MATERIALS OF ENGINEERING. 


* Bovey’s Strength of Materials and Theory of Structures....... HeieeOVOn 
Burr's Elasticity and Resistance of the Materials of Engineering. ...... 8vo, 
Church's Mechanics of Engineering............. eaten sistekchacsts ieee 8vo, 
*KiGreene Srotnuctural NPe@hamics, siarciieveieis eierelewe eve teneicheusta oie reaeeerenan/ eters 8vo, 
*‘Holleyis Leadvand Zine: Pigments: siciss sjere ¢iatercislels scueeraie eens eae Large 12mo 


Holley and Ladd's Analysis of Mixed Paints, Color Pigments, and Varnishes. 
Large 12mo, 
Johnson’s (C. M.) Rapid Methods for the Chemical Analysis of Special 


Steels, Steel-Making Alloys and Graphite........... Large 12mo, 
Jonnson.6+@)-ris5) latetialsioh Consteuctionesbawciciettecsiienheietenrmem ree 8vo, 
Keeps Cast Lions .ee x ccoaustege teats wis ease ereliexeyetevel ch aye rabatiatouetavecutertreya rah shes state 16 8vo, 
anzais Applied. Mechanicsonac oicirccigie.s.0) tele chaleisssiascia ae eictes terete te 8vo, 
Lowe's Paints for Steel(S trict uressctac:c 5 <5) cretetateta eit ctaateierntclecc anaienarsveie 12mo, 
Maire’s Modern Pigments and their Vehicles. .................-200% 12mo, 
Maurer’s TechnicaliMechanicsianete cskice v.cie ite clarciioiatcteisinie cieiaset terete 8vo, 
Merriman’s Mechanics of Materials, << cc/c.cc-c.p: 610.0 0 eieusueroreMetinene oisiic.s «ees 8vo, 

*-Strengtin of Matentalsy. vacicre oriole alaterole.c lave eiave tere tiareauctoverstetetercte 12mo, 
Metcalf’s Steel. A Manual for Steel-users. 2. ...... cece cee cccsess 12mo, 
Sabin’s Industrial and Artistic Technology of Paint and Varnish.. .... 8vo, 
Smith’s (A. W.) Materials of Machines. ........... sietererats shavavosiouetske 12mo, 
* Smith's. (Ha EB.) Streneth of Matertaliccnreciisiveisto ciete ccctetseieteleisteteiare 12mo, 
Thaturston’s: Materials of Pngineerings ccs ce ee eiacsinice sion siete 3 vols., 8vo, 

Part I. Non-metallic Materials of Engineering, ..... Aepadetegant oe 8vo, 

PartiIl. Trox-vand ‘Steels sive. ic qateioyelemn stele oa caersi betes eater eens. & 8vo, 

Part III. A Treatise on Brasses, Bronzes, and Other Alloys and their 

Cons tite ts:.c\cieitces ae alert hans teietoraunctieten ys iarateer ouetateerete nit ares 8vo, 
Wood’s (De V.) Elements of Analytical MeChAanIGSi cate tariatems sass orane 8vo, 

Treatise on the Resistance of Materials and an Appendix on the 

Preservationiof Timbers. sats cccteeaticrste re meee toe feeble nore ees 8vo, 
Wood’s (M. P.) Rustless Coatings: Corrosion and Electrolysis of Iron and 

Steel itrcie.s sisrcretecesteieiarererersic evs @lelucreit retciemen oreieter stots Spode oe Mey 
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STEAM-ENGINES AND BOILERS. 


Berry’s Temperature-entropy Diagram. Third Edition Revised and En- 


larsece Waceqtey ieee eee Maem evemTon since Oe raite cs ME IN ie oes 12mo, 

Carnot’s Reflections on the Motive Power of Heat. (Thurston.)..... 12mo, 
Chase’s Art of Pattern Making! i2<. .:.cecs-«s+s ROBES Ane cee 12mo, 
Creighton’s Steam- engine and other Feat Meters A: Saahet reeves hiinevsteuatersies: 8va, 
Dawson’s “‘ Engineering”’ and Electric Traction Pocket-book. ...16mo, mor. 
* Gebhardt’s Steam Power Plant Engineering.........:....-ececeees 8vo, 
GossispLocesmotive Perionmance rsa mck ioe ext ain. oid «cierto 8vo, 
Hemenway’ s Indicator Practice and Steam-engine Economy Sir ara one 12mo, 
Huttonis;ileatandubtéat-engines: youth cleats smhidtietielnciiie sat asenee 8vo, 
Mechanical Engineering of Power Plants...........-.eeeceeeeee 8vo, 
Kent sioLeammnDOler Is CORO. ns une cee tre ao ai aie nl Soar cee ciate aren 8vo, 
Kneass’s Practice and Theory of-the Injector. ............e0c-e0ee-: 8vo, 
MacCordispSlide=Valvesuier tax’ ae iaccisiclsaectans ota eo clerels ye eer Soe ts IN 8vo, 
Meyer’s Modern Locomotive Construction. ...........0cccceceecceens 4to, 
Moyers: Steamy Turbines. sc sssterasrone, ote eietnes cee lode Sota ee eRe ote 8vo, 
Peabody’s Manual of the Steam-engine Indicator...............05. 12mo, 
Tables of the Properties of Steam and Other Vapors and Temperature- 
BELO p yaa lee ven vd stele oftete ale hei a ee elo lesr arate eke is 8vo, 
Thermodynamics of the Steam-engine and Other Heat-engines. . . .8vo, 
Walvie-gears for-Steam-enpiness ois sda cele as naSles Fee sc piace wn 8vo, 
Feabodyand! Mailers: Steam-bowers «| <,/sriei. aiepe-u. stele eo eke sissies gee os pute 8vo, 


Pupin’s Thermodynamics of Reversible Cycles in Gases and Saturated Vapors. 


(OStEE DEES) encerartesmcer vias sieretan na eaters ele caer alebe icles akc 12mo, 
Reagan’s Locomotives: Simple, Compound, and Electric. New Edition. 
Large 12mo, 


Sinclair’s Locomotive Engine Running and Management............ 12mo, 
Smart’s Handbook of Engineering Laboratory Practice. ............ 12mo, 
WHOW-Saoteam=DOtler Practice: sis cleisokereolekic wie letaiols wusiel wtele aieneleis eel ers 8vo, 
Spangler’s: Notes:on Thermodynamics, oi.) 0. ss ccc os ole ee ee aves 12mo, 
WAV CLCCA LSU MMe creche ret ate ofeacitan tists iota eben a CADSR are Rie eae Tou cey oie ela ieresetate 8vo, 
Spangler, Greene, and Marshall’s Elements of Steam-engineering...... 8vo, 
MROMASHSROLEAIN= FIT DIMES tapas, onde Rnetenoiledersia ccile a ail tlelan: Cake erena Sierra ee 8vo, 
Thurston’s Handbook of Engine and Boiler Trials, and the Use of the Indi- 
Catorandstheverony7 Brake sonic auecrcerc ld eine ote iad tere auweiav ete teres 8vo, 
Fair hyve ADEs ori chet sre coscker os eke seed lejerencra tele ent iaie auc otis. eaelateneraeee tects 8vo, 
Manual of Steam-boilers, their Designs, Construction, and Operation 8vo, 
Manual” ofethe Steam-eneinen. scm: «lls. chs «cat enale sensbateatere 2 vols., 8vo, 
Part I. History, Structure, and Dies cy, LON ERS Mictet acetal eee ee a 8vo, 
Part II. Design, Construction, and Operation.............. 8vo, 
Wehrenfennig’s Analysis and Softening of Boiler Feed-water. (Patterson. ) 
8vo, 
Weisbach’s Heat, Steam, and Steam-engines. (Du Bois.)............ 8vo, 
Wihithamis Steam-enoime. Design. 5 .teccisteie stot aetenetotalcteraiclen- ere el cceyenevena 8vo, 


Wood's Thermodynamics, Heat Motors, and Refrigerating Machines. . .8vo, 


MECHANICS PURE AND APPLIED. 


Church’s| Mechanics of Engineering... .ss2sccce0c ce cee tees eet ejenee 8vo, 
A MMechanicsios Habertial VOTES: «a cisreneleletalete, cole (olen oldie ster) s (ous ale .teh 8vo, 
eNotes and Hxamplesim Mechamicsy os..ccce.tecicis emis e ss cee ne cys 8vo, 


Dana’s Text-book of Elementary Mechanics for Colleges and Schools :12mo, 
Du Bois’s Elementary Principles of Mechanics: 


Weim lin. » ARGO iateSy oyiieris tomo ol uo Op BC DOO. cco neSelS 8vo, 

WHOA RR bs. VEEN COB oP aes HERERO CRC UCHOSEE Rosai CIOREUOT Pat ua ch Age span 8vo, 
Mechanicsto& Engineering. Vol. Ti... sci. dee eee see Small 4to, 

Ao) yO VERA 3.2ce.d hecnReAS Sap uors Small 4to 

RIC reene Gothic tULAleVy LEC MAmECSa crtneistelelete stole ihe ievare's late pilelust viske eek = ate 8vo, 
* Hartmann’s Elementary Mechanics for Engineering Students....... 12mo, 


James’s Kinematics of a Point and the Rational Mechanics of a Particle. 
Large 12mo, 

* Johnson’s (W. W.) Theoretical Mechanics. .......-eeeeeeeeeeee 12mo, 

Lanza’s Applied Mechanics. . .....cccccccceccescscncserescesvessnss 8vo, 
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* Martin’s Text Book on Mechanics, Vol. I, Statics................. 12mo, $1 : 


* Vol. IJ, Kinematics and Kinetics.12mo, 


Matirer’s Technical: Mechanics! ie sieiele «+ 1-seldusiewsrelia ecaleiessvellate (oivtele ohne ceneneters 8vo, 
* Merriman’s Elements of Mechanics... .......s..... isias, Meaipire ater eee 12mo, 
IMechaniesvot Materials: cacrarr obese ini arerehede oe el sicttege lalecs cies otekele seamen 8vo, 

* Michie’s Elements of Analytical Mechanics............--+-es+es-e0% 8vo, 
Robinson see rinciples' of Mechanism uersietel s aietelelsiete eieid ce eaelnterencenie ttle 8vo, 
Sanborn’s Mechanics/Problems.*. ...c c's. sls es sie 0 bivis si syele ores Large 12mo, 
Schwamb and Merrill’s Elements of Mechanism............------+-- 8vo, 
Wood’s Elements of Analytical’ Mechanics. 02 ..2..).51- 2c sendin oe oi sieicie 8vo, 
Principles of Hlementary Mechanics ii. eterierem ee ieciiciere iets 12mo,; 

MEDICAL. 

* Abderhalden’s Physiological Chemistry in Thirty Lectures. (Hall and 
DeSCetis) Sia cc aie tateveietace lose eles tare ele (atala-ai ortia rove. 3c sehedonetela ‘olenshalets 8vo, 

von Behring’s Suppression of Tuberculosis. (Bolduans) ieuay Sib eeaiete mies 12mo, 
BoldisaneswimmMune: SLAM orelchete oe eretoseveie eiele oreleneloletetetete es awaleteteter ey hem 12mo, 
Bordetis: Studies/ im Emimunity:. (Gas) etsieres sreteriettere terete nie: ote etek 8vo, 
* Chapin’s The Sources and Modes of Infection............... Large 12mo, 
Davenport’s Statistical Methods with Special Reference to Biological Varia- 
REGUS PO eh ete le taratarsdster ce a tye enolase els st an alaNare hove tao hh alet ale 16mo, mor. 
Ehrlich’s Collected Studies on Immunity. (Bolduan.)............... 8vo, 
*5Pischer's’Oedenia neste ccc snis.c lee ensere eivice'/evsncel ote re eal ae Pel Shore A oreo 8vo, 
* Physiology of Alimentation... «8 cele. st «cele acnisee . .Large 12mo, 

de Fursac’s Manual of Psychiatry. (Rosanoff and Collins.)....Large 12mo, 


Hammarsten’s Text-book on Physiological Chemistry. (Mandel.). ....8vo, 
Jackson’s Directions for Laboratory Work in Physiological Chemistry. .8vo, 


Lassar-Cohn’s Praxis of Urinary Analysis. (Lorenz.).............-. 12mo, 
Mandel’s Hand-book for the Bio-Chemical Laboratory.......... ere sa keeTnOs 
= Netson:s Aualysis of Orugs and \ledicines, aos oe lee eiiereercienereaere 12mo, 


* Pauli’s Physical Chemistry in the Service of Medicine. (Fischer.)..12mo, 
* Pozzi-Escot’s Toxins and Venoms and their Antibodies. (Cohn.)..12mo, 


Rostoski’s Serum Diagnosis, (Boldwan). <2... 00% .<ceciie a cwelea slate 12mo, 
Ruddiman’s Incompatibilities in Prescriptions............2+eeeeeeeees 8vo, 

Whiys)in Pharthacy. ian ehayet espace eer cee otatciche = obssarhere eta cleraeheiena 12mo, 
Salkowski’s Physiological and Pathological Chemistry. (Orndorff.) ....8vo, 
* Satterlee’s Outlines of Human Embryology. ...........-.+eee000- 12mo, 
Smith’s Lecture Notes on Chemistry for Dental Students............. 8vo, 
Whipple's Ly hpoidi Peverties cs vugeel dee clear Oe alelsies Sar srereeers Large 12mo, 
* Woodhull’s Military Hygiene for Officers of the Line........ Large 12mo, 

* PersonalJHy Gienex., fue iach te ole alee ela heater eleae Pe eee 12mo, 


Worcester and Atkinson’s Small Hocpitate Establishment and Maintenance, 
and Suggestions for Hospital Architecture, with Plans for a Small 


Hospitals: oe thc cccret atte, tiiciatierare niueiioteal taeieranevob ie oie odie; sicker 12mo, 
METALLURGY. 

Betts’suzead Refining by. Hlectrolysis.:. «2 tac sc elete cles seicicle aie 8vo, 

Bolland’s Encyclopedia of Founding and Dictionary of Foundry Terms used 

in the: Practice of Mouldimp. esis: oie tee els acne ee ei 12mo, 

rom Bom der, Uo a. + sous ahcrsnersiete tenets eusiseeee tele gt Oneche eveeNOia Te er eee 12mo, 

es s Sup plement; acetate eel Aeon eRece rere 12mo, 

* Borchers’s Metallurgy. (Hall and Hayward.)...............c0.c-. 8vo, 

Douglas’s Untechnical Addresses on Technical Subjects............. 12mo, 

Goesel’s Minerals and Metals: A Reference Book.............. 16mo, mor. 

Fess Lea d-Smeltin Ga rays +, sncesrene. wun sinvel snes cater tee es Soe eR RT eee 12mo, 

Johnson’s Rapid Methods for the Chemical Analysis of Special Steels, 

Steel-making Alloys and Graphite. ................. Large 12mo, 

Reep's Castulrotiivs te siete wielacate tune crestor tte trstehe ue Memepchs =a cota are air ne earner 8vo, 
Le Chatelier’s High-temperature Measurements. (Boudouard—Burgess.) 

12mo, 

Metcalf’s Steel. A Manual for Steel-users...........00ccccseeweecs 12mo, 


Minet’s Production of Aluminum and its Industrial Use. (Waldo.). . 12mo, 
Price and Meade’s Technical Analysis of Brass. (In Press.) 
* Ruer’s Elements of Metallography. (Mathewson.)........ a gueteveie +s VOy 
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Smith's Materials of Machines. .... 


Micloh acne beta Rieiafleie’s > sil 20,9 Se La00 
Tatevand-Stone’s Foundry Practices: «<p0s 6cco cess cists sweticce olen .12mo, 2 00 
Thurston’s Materials of Engineering. In Three Parts. .............-- 8vo, 8 00 

Part I. Non-metallic Materials of Engineering, see Civil Engineering, 
page 9. 
Part II. Iron and Steel. . POCO eR OEE OSI aa .8vo, 3 50 
Part III. A Treatise on Brasses, Brorzes, and Other Alloys and their 
WOnSETE MET ES i ark chert tee oan Sa See oee ose eas Palel cs fahcrarcuato re beige eens 8vo, 2 50 
Ulke’s Modern Electrolytic Copper Renning Rofeveveteucteratenslenarererecvie ater avetoree 8vo 3 00 
West's American  Moundry Practices: se.eleie +e Sisieeveica arose eriesie aie er Oso DO. 
Moulders’ Text Book............ siderehetele os sel cots Pate oie es she etehe ae INO ay a0: 
MINERALOGY. 
Baskerville’s Chemical Elements. (In Preparation.) 
* Browning’s Introduction to the Rarer Elements............. eerste MO LOO) 
Brush’s Manual of Determinative Mineralogy. (Penfield.)............ 8vo, 4 00 
Butler’s Pocket-Hand-book of Minerals... ......-....0ecctseee- 16mo, mor. 3 00 
Chester’s Catalogue of Minerals................ nearer oletetctekanerstene 8vo, paper, 1 00 
Cloth, 1 25 
HC rane si Gold an diSil vere me wake tehenarcreceieiete ee sine en Te ates wee alate eo ee 8vo, 5 00 
Dana’s First Appendix to Dana’s New ‘“‘System of Mineralogy’’..Large 8vo, 1 00 
Dana’s Second Appendix to Dana’s New ‘‘System of Mineralogy.”’ 8 
Large 8vo, 1 50 
Manual of Mineralogy and Petrography...............2++02-- 12mo, 2 00 
Mineralsrand Hows tonstildysd Demiscls e' <i-fecuensis ec ererctase oie creveiorm ele 12mo, 1 50 
System) ot Mineralogy 2. [ulate sice sic crs cee iees Large 8vo, half leather, 12 50 
MEKteDOOOb A MIMEra lo giv stare le eucie revelers shaves toveuuye\elteeeoer euanepaiiaralle (olen crore 8vo, 4 00 
Douglas’s Untechnical Addresses on Technical Subjects............. 12mo0,) 1400 
Halse iseManera ltl alles rset eners eee einstein ciel etaleloyerevote desea & ther syeueurientiatemis 8vo;, 1.25 
Eckel’s Stone and Clay Products Used in Engineering. (In Preparation.) 
Goesel’s Minerals and Metals: A Reference Book.............. 16mo, mor. 3 00 
* Groth’s The Optical Properties of Crystals. (Jackson.)....,....... 8vo, 3 50 
Groth’s Introduction to Chemical Crystallography (Marshall)........12mo, 1 25 
* Hayes’s Handbook for Field Geologists...............2.05- .16mo, mor. 1 50 
RAcinges: Sol CNEOUS MOCKS, rezstaleyelacaiciarereohsronstaleneierel skates exe atsral stele ei seeks mestetere 8vo, 5 00 
OSIM NM Mera lei adetnilohsvous oceherchel eyerel heretars ais ore iol aloveictas Serene Se pleteerels 8vo, 5 00 
“Te ter cok s Determination of Rock-forming Minerals in Thin Sections. 8vo, 
With Thumb Index 5 00 
x Martin’s Laboratory Guide to Qualitative Analysis with the Bilow- 
MEO e rites ei atere: aha honed wheWe caet agora rete wesmeincato | ain eye teeta arene ie epee 12mo, 60 
Merrill’s Non-metallic Minerals: Their Occurrence and Uses. .......... 8vo, 4 00 
Stones for Buildingand! Decoration:,< < Se.5 <).sess 0 se ce wile ol ehepeArate lee. 8vo, 5 00 
* Penfield’s Notes on Determinative Mineralogy and Record of Mineral Tests. 
8vo, paper, 50 
Tables of Minerals, Including the Use of Minerals and Statistics of 
DomestienProduchiOn. get tesiete cc iche setessvale crave hie iets) ore teva) odaantsta es 8vo, 1 00 
*)Pirsson’s Rocks and Rock Minerals... 4 ..c000+ ce esce ccs ccecwen es 12mo, 2 50 
* Richards’s Synopsis of Mineral Characters...............-.-- 12mo, mor. 1 25 
* Ries’s Clays: Their Occurrence, Properties and Uses................ 8vo, 5 00 
* Ries and Leighton’s History of the Clay-working Industry of the United 
LVI eae oid Che ee SOI, OPI La Cog OGIO Tay PROCES COME FB 8vo, 2 50 
* Rowe’s Practical Mineralogy Simplified..............0.....00000- 12mo, 1 25 
* Tillman’s Text-book of Important Minerals and Rocks..........-... 8vo, 2 00 
Washington’s Manual of the Chemical Analysis of Rocks.............8vo, 2 00 
MINING. 
* Beard’s Mine Gases and Explosions. .......-..+--0ceeeeeee Large 12mo, 3 00 
MS PAS SIC OLGUAIG SULVEietety cates sicher chetotats tokchets fatale thats) ole precise) sia: scelentts -»-8vo, 5 00 
* Index of Mining Engineering Literature..............eeeeeeees 8vo, 4 00 
* 8vo, mor. 5 00 
* OrewMlining Methodsieas oils ae clin | oot wionslels Maratea a Le OVvOnnno OO 
Dana and Saunders’s Rock Drilling. (In Press.) 
Douglas’s Untechnical Addresses on Pecanical Subjects merctaelc stesicesens 12mo, 1 00 
Bissler’s Modern High Explosives........0 cles cnecc sec cc eens cc cone 8vo, 4 00 


/ 


Goesel's Minerals and Metals: A Reference Book.’............. 16mo, mor. $3 
Thlseng’s Manual of Mining. <6... cesta se ce secret enn ns ee Svo, 5 
* Tles’s Lead Smelting. .... FARA fet yee es Sai aie ArCiON Sain eo 12mo, 2 
Peele's Compressed Air Plant for Minesoe0) 2h) creo esis aieteett er 8vo, 3 
Riemer’s Shaft Sinking Under Difficult Conditions. (Corningand Peele.)8vo, 3 
Weavers Wlilitany, box ploSiy Gu ualersreretcyestctel tel alere tele t-eeroieie ian netcentcrensy aah 8vo, 3 
Wilson’s Hydraulic and Placer Mining. 2d edition, rewritten....... 12mo; +2 

Treatise on Practical and Theoretical Mine Ventilation........ L2mo, 1 


SANITARY SCIENCE. 


Association of State and National Food and Dairy Departments, Hartford 


AKT SCY Al LY [Oo hay Eo cE bo Stee OBE atbthowran,0o volo 6 8vo, 
JaAmesto wine Meeting sik QO dapcmremecstcmetel selene eta otek tey ere telat teint ae tees 8vo, 
* Bashore’s Outlines of Practical Sanitation... 200625... +cse seas 12mo, 
Sanitationiol a, COUntryiablOUSen chererchtre ones ovetele re elousteuerercuers aataene oie 12mo, 
Sanitation of Recreation.Camps and Parks.) .,.. «+ 04. scutes 12mo, 
* Chapin’s The Sources and Modes of Infection............... Large 12mo, 
Folwell’s Sewerage. (Designing, Construction, and Maintenance.)..... 8vo, 
Water-supplhy, Eneineerin gay oct: -ea-ta aoleeeteter yet at icnet avert en eet tinea 8vo, 
Fowler's Sewage Works: Analysesiacs: ca sie! ruste ol 0 cle iniet uel elaencdeies ie tere 12mo, 
Fucrtes!s® Water fltratroneWWOLlks pasieciapetete olerstelel-ceterenehstaislaue nye teie rire 12mo, 
Waterrand Public: FLGaltl. team eiccsl sieseiictere cieiels iobessliebenewstenareseedencts 12mo, 
Gerhard’s ‘Guideito sanitary Inspections. si. esi vette is tere ence raleee 12mo, 
* Modérn: Baths?andi Bath. Housesin tints cleo ule cele ne oieions eletetererenters 8vo, 
SanitationvoL PublictBintldings:ctimscrs. ete a creteuetela oe ie cs eeieeiererre 12mo, 
* The Water Supply, Sewerage, and Plumbing of Modern City Buildings. 
8vo, 
iHazen7s Clean Water and How toiGet Itc. see eece seas Large 12mo, 
Biltration ot Public Water-stippliesh c+ s..crota<siet or siaructersie ws eraeeneiete 8vo, 
* Kinnicutt, Winslow and Pratt’s Sewage Disposal................... 8vo, 
Leach’s Inspection and Analysis of Food with Special Reference to Siate 
[Glories co) ewes ere Ron a arsre en earner Bic PMMA terieth ht: gute (nh 8vo, 
Mason’s Examination of Water. (Chemical and Bacteriological)..... 12mo, 
Water-supply. (Considered principally from a Sanitary Standpoint). 
8vo, 
* Mast’s Light and the Behavior of Organisms................ Large 12mo, 
* Merriman’s Elements of Sanitary Engineering... ..................- 8vo, 
Ogden’s' Sewer Construction 2... cvcss Aon aeycierers oleic sie si mielcnaiterate eicaraeneioae 8vo, 
Sewer Desipir tay nt. fi caelebe cart tent ie cavend le ate cack kone arene eee 12mo, 
Parsons’s DisposaliofMunicrpaliReitises: «-- 1. ssstac ontario eran ate 8vo, 
Prescott and Winslow’s Elements of Water Bacteriology, with Special Refer- 
enceto sanitary Water Amalysicn vice selects ceenee = ole cine ieee 12mo, 
*aPrice shan dvookion Sanitation. se syecitcite sbopeiaietela tetera ney rai 12mo, 
Richards's Conservation by sanitation. ccc a cniein cm erections eter arene 8vo, 
Cost of Cleantiess: io cuctaale cletceun sat olevove. aeciareierchetets ie meroeake Coins operate 12mo, 
‘Costiofi Foods” AcStudy- im Dietaniess scarce cerca une eae 12mo, 
Cost of Living as Modified by Sanitary Science. ..<2.....:..... 12mo, 
Cost Of Shelters Sse e sc a verec.y te coated Wien ee nie ot coe e ree 12mo, 
* Richards and Williams’s Dietary-Computer..................0---- Svo, 
Richards and Woodman’s Air, Water, and Food from a Sanitary Stand- 
OTE NS ea Liereeeratex eae gw Ne gia uLeUt a iw) cheat erate Tetokai we at ate tettobene oedema 8vo, 
* Richey’s Plumbers’, Steam-fitters’, and Tinners’ Edition (Building 
Mechanics’ Ready Reference Series). ................ 16mo, mor. 
Rideal’s Disinfection and the Preservation of Food.................. 8vo, 
Sewage and Bacterial Purification of Sewage.................0-. 8vo, 
Soper s.Aimand= Ventilation ot SUbWaySuucie siti cniieiateiecicnslenien hnienen 12mo, 
Turneaure and Russell’s Public Water-supplies....................-- 8vo, 
Venable’s Garbage Crematories in America... . .........0ececeeceeee 8vo, 
Method and Devices for Bacterial Treatment of Sewage.......... 8vo, 
Ward and Whipple’s Freshwater Biology. (In Press.) 
Whipple's: Microscopy of Drinking-water, > .. 2... uso aeacieiceeneen 8vo, 
* Py phoidstevers orcs) cieiiciee ailhhhiteleh Eaearagdietees Giacomtons erotea Large 12mo, 
Valueiof Pure: Wateri.2.a: stork peotracamc eee rien Large 12mo, 
Winslow’s Systematic Relationship of the Coccacee........... Large 12mo, 
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MISCELLANEOUS. 


sChapmisiM owatovemam eliengitn, pecs tire oc tere eis env lactic nee tan: 12mo, $1 
Emmons’s Geological Guide-book of the Rocky Mountain Excursion of the 
International Congress of Geologists. ............2--5- Large 8vo_ 1 
Merrelis Popular Dreatiseyon the WindSencn si acis sss oe <tet sevens 8vo, 4 
AcZ vera sr BOSton Machinist an cia cis: mee cists w'alonca oa avons leleraberciere 18mo, 1 
Gannett’s Statistical Abstract of the World... .............0000005 24mo, 
Haines’s American Railway Management... ............ecseeeeees L2mow 2 
Hanausek’s The Microscopy of Technical Products. (Winton)....... 8vo, 5 
Jacobs’s Betterment Briefs. A Collection of Published Papers on Or- 

4 ganized: tudusttial: HMmcClenCyarsemesicdse cei cat nem siilalers aac ate 8vo, 3 
Metcalfe’s Cost of Manufactures, and the Administration of Workshops..8vo, 5 
Pitnanns Naubical Ghantsas ser rcomretcncton octet retncincie sie ono reicinis euctonate 8vo, 2 
Ricketts’s History of Rensselaer Polytechnic Institute 1824-1894. 

' Large 12mo, 3 
Rotherham’s Emphasised New Testament... ............-.0:. Large 8vo, 2 
Rust’s Ex-Meridian Altitude, Azimuth and Star-finding Tables........ 8vo 5 
Standage’s Decoration of Wood, Glass, Metal, etc......... Pains Lm 2 
Thome’s Structural and Physiological Botany. (Bennett).......... 16mo, 2 
Westermaier’s Compendium of General Botany. (Schneider).........8vo, 2 
Winslow's Elements of Applied Microscopy..........eeeeeceeeereee 12mo, 2.1 

HEBREW AND CHALDEE TEXT-BOOKS. 
Gesenius’s Hebrew and Chaldee Lexicon to the Old Testament Scriptures. 
GBrecelles?) 8:1 ssiseteeet veche orci nists ais ety slehetoveie oe Small 4to, half mor, 5 
Green s Elementary tebrew. Gratmmatic sc svcres s ois ctsene len eusvsis) sere ole T2mo, 1 
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